REGULARIZATION FOR OPTIMAL CONTROL PROBLEMS ASSOCIATED
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ABSTRACT. It is well-known that in the case of a sufficiently nonlinear general optimal control
problem there is very frequently the necessity for a compactness argument in order to pass to
the limit in the state equation in the standard “calculus of variations” proof for the existence
of optimal controls. For time-dependent state equations, i.e., evolution equations, this is in
particular unfortunate due to the difficult structure of compact sets in Bochner-type spaces. In
this paper, we propose an abstract function space W},‘Q(X; Y) and a suitable regularization- or
Tychonov term J. for the objective functional which allows for the usual standard reasoning in
the proof of existence of optimal controls and which admits a reasonably favorable structure in
the characterization of optimal solutions via first order necessary conditions in, generally, the
form of a variational inequality of obstacle-type in time. We establish the necessary properties
of W},‘Z(X ;Y) and J. and derive the aforementioned variational inequality. The variational
inequality can then be reformulated as a projection identity for the optimal control under
additional assumptions. We give sufficient conditions on when these are satisfied. The con-
siderations are complemented with a series of practical examples of possible constellations and
choices in dependence on the varying control spaces required for the evolution equations at
hand.

1. INTRODUCTION

In this paper we consider optimal control problems with a separated objective functional in
the general abstract form
min ‘J(y7u) = Js(y) + Jc(u)
(yu)
(OCP) subject to  F(y,u) =0,

U € Uyg.

In order to prove existence of optimal solutions to (OCP), it is standard to consider an infimal
sequence of feasible points, that is, a sequence (yi,ur)r € Mag such that limg oo J(yr, ux) =
inf (y wyen, J(y, u), where Mag = {(y,u): F(y,u) =0, u € Uaq} is the admissible set for (OCP),
and to show that a certain subsequence of this infimal sequence converges to the minimizer (y, ).
Let us for example assume that the solution mapping u — y(u), such that F(y(u),u) = 0, maps
bounded sets from the reflexive Banach space of controls ¢ into bounded sets in the reflexive
solution space Y, and that J. is coercive on U. (We ignore U,q for the moment.) Then we obtain
a weakly convergent subsequence of (yx,uy)r, converging to some (g, ). If now F' is nonlinear,
then v +— y(u) may in general not directly exhibit the needed weak continuity properties in
order to pass to the limit in (OCP), i.e., to show that F(g,a) = 0. It is usually necessary to
use a compactness argument here. In the absence of specialized possibilities such as the div-curl
lemma or compensated compactness (cf. [35,44]), a particular situation is as follows: suppose
that, in fact, one has a weaker space U,, with & — U,, for which one knows strong continuity
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of Uy, > u — y(u) € Y. This is a common situation where the underlying constraint is well
posed also for controls from a weaker space than the control problem is posed in. (We will have
a running example throughout the article to illustrate the setting.)

First, let even U < U,, (compact embedding). Then we have strong convergence of the weakly
convergent subsequence of (uy)x in U, and can pass to the limit in the state equation. While it
is usually not too difficult to identify possible combinations of &/ and U,,, the coercive function
J. depends of course strongly on U and occurs in the first order optimality conditions for (OCP);
hence, some care is required.

Another ansatz might be to restrict the problem (OCP) by a condition u € C,q such that
Uaa N Caq is a compact subset of U,,. Then (uy); has a strongly converging subsequence there
and we can again pass to the limit in the state equation. However, the new constraint u € C,q has
to be accounted for again in the first order optimality conditions and might be very unpleasant
there; in particular, one has to deal with the polar cone of C,q, and in the case of Uq = U,
we even have artificially transformed an unconstrained problem to a constrained one. See for
instance [25] for an example of this general ansatz where the set C,q is ignored in the optimality
conditions because of its difficult structure.

In this paper, we want to propose a certain family of suitable function spaces i in dependence
of U,, and a suitable term J. in the objective functional. Together they avoid further difficulties
in the first order optimality theory as far as possible, in the sense of the derivative of J. being of
favorable structure. Since we view F(y,u) = 0 as an operator equation describing an evolution
equation over a finite interval J and focus on controls which are (allowed to be) instationary in
time, the spaces & must incorporate time-dependent functions, i.e., be subsets of Bochner-type
spaces over J.

The actual spaces are of the form W)2(X;Y) := W'2(J;Y) N LP(J; X) for some time interval
J = (Ty,T1), and for reflexive Banach spaces X and Y with X < Y. Further, J. takes the form

By

, Tl dt

1) 3w = [ Lol +
J

for some parameters 82 > 0 and 3, > 0. While the coupling between U/,, and U in the explanations
above were via an embedding U < U,,, we in general allow for a coupling by a possibly non-
injective operator £. More precisely, we prove in Theorem 2.9 below that if £ € L((X,Y),1;Z)
for some 1 € (0,1) such that E € K(X; Z), then the time-extension &€ defined by (£y)(¢t) := Ey(t)
maps W)?(X;Y) compactly into L"(J; Z) for some r € [1,00] or C¢(J; Z) for some g € [0,1/2),
depending on 7. (Here (X,Y"), 1 denotes the real interpolation space between X and Y.).

This gives a huge range of possible, functional-analytically well behaved, spaces U,, for which
& maps W;’Q(X ;Y) compactly into U,,. Thereby, in contrast to the common setup of the Aubin-
Lions theory [30], we do not require the “compactness receiving” space Z to topologically lie
between X and Y in the sense of X — Z — Y. This is of practical importance in the setup of
many optimal control problems, cf. the running example throughout the paper and §4.4.

As another central point, the space Y should be chosen as a Hilbert space in order to obtain
a derivative J.(u) depending linearly on dyu. (We will have to require X to be smooth also,
of course.) This is in fact the main motivation to use the spaces Wzl,’z(X ;YY) instead of the
well-known spaces Wzl;p(X ;Y) or generally Wzlj’q(X ;YY) for ¢ # 2 since it allows to obtain a more
reasonable characterization of a designated optimal control than in the case g # 2. More precisely,
the Hilbert space structure of Y together with the square in J. will make it possible to apply an
integration by parts formula in the optimality conditions of (OCP) which then yields a second-
order Banach-space differential equation or variational inequality, depending on the constraint
set Uyq. We will return to these considerations in §3. In the case of a variational inequality,
we further obtain a pointwise projection description of the optimal control @ under additional
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assumptions. These assumptions are nontrivial and we devote §3.4 to their verification in certain
cases. The projection formula could then be a possible starting point for numerical algorithms.

Optimal control problems subject to nonlinear parabolic equations on Lipschitz domains were
the starting point of the investigations cf. [20,23,24] or [32,33,45] for further references, and the
reader may imagine having such a problem as the practical incarnation of F'. However, the theory
presented in this work is not necessarily restricted to parabolic problems, but to time-dependent
problems, i.e., evolution equations, in general.

1.1. Context and related work. Let us give a brief overview over the context of our work:
Results in the spirit of W4(J;Y) N LP(J; X) <« L"(J;Z) under appropriate relations and a
compactness assumption between X,Y and Z are classical ever since the famous paper of Aubin
from 1963 [4]. There, the assumption for the spaces is X < Z — Y, and it is shown that if
B denotes a bounded set in L?(J; X) for which {0;f: f € B} is bounded in LI(J;Y), then B
is relatively compact in the space L4(J;Z). Usage of this result which became known as the
Aubin-Dubinskii lemma was widely popularized by Lions [30] who used it to great success in
the treatment of nonlinear partial differential equations. (Dubinskii proved an analogous, more
general version of Aubins result in [15] in 1965). In [43], Simon gave a complete characterization
of compact sets in L"(J; Z) spaces quite in analogy to the Arzela-Ascoli theorem, and he used
this to sharpen Aubin’s result by replacing the assumption for {9;f: f € B} to be bounded in
LA(J;Y) by (|70 f — flla(ry, 11 —nsyy — 0 uniformly for f € B as h \, 0, where 75, denotes the time
translation f — f(-+h), cf. [43, Thm. 5]. There is also a result concerning compactness in C(.J; Z),
see [43, Cor. 8]. Simon’s results in turn were improved and sharpened by many; for example by
Amann, who imposes a slightly more restrictive assumption on the spaces in [3]: There, X <« Y
and (X,Y)p1 — Z — Y is supposed, for some 6 € (0,1), and the time translations have to go
to zero at a certain rate. (Recall that X — (X,Y )1 in any case.) Moreover, [3] significantly
generalizes the considered spaces, including switching to spaces defined on bounded open sets
A C R™ which satisfy the extension property, cf. [3, §7], see also §4.1 below. Still, the main drive
behind the development of all these very helpful devices is the treatment of nonlinear partial
differential equations, for which the requirement X < Z < Y is evident and necessary. In
contrast, we plan to apply a similar idea to the control space in an optimal control setting, which
does mot necessarily need the spaces to be nested hierarchically. In this sense, the designated
space in which compactness is needed need not lie between X and Y and there needs to be no
direct relation to Y itself, only to its interpolation spaces with X.

The need to employ the W;’Q(X ,Y) in the first place arises from insufficient regularization
properties of classical Hilbert space Tikhonov terms in the objective functional, if the underlying
PDE (system) is strongly nonlinear. As explained above, this results in the inability to pass to
the limit in the PDE starting from a minimizing sequence for the objective functional due to the
lack of weak continuity. This occurs in particular in coupled systems of nonlinear PDEs which are
often necessary to have for a realistic modeling of complex dynamical systems. See the running
example throughout the paper or again [32,33] for actual examples. From the authors’ point of
view, the need to have a comprehensive Banach space optimal control theory for such strongly
nonlinear equations arises.

We are not aware of works so far which investigate the W11;2(X ,Y) spaces or comparable ones
in a general optimal control setting.

1.2. Organization. The paper is organized as follows: First, we fix some basic notation and
definitions. In the next section, we provide a suitable functional analytic groundwork, establishing
general compactness properties for spaces of the form Wzl,’z(X ;Y)) under appropriate assumptions.
This is the basic property as explained in the introduction. In §3, related aspects of the control
problems are discussed: We consider existence of optimal solutions to (OCP) in §3.1 and the
impact of the special form of J. in the optimality conditions in §3.3. There, we will see that the
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Hilbert space structure for Y allows to derive an explicit Banach-space differential equation for the
second derivative of the designated optimal control, and a corresponding variational inequality
in the case of control constraints. The considerations are complemented with a brief detour
regarding smoothness and duality mappings Banach spaces in §3.2 and an additional subsection
regarding time regularity of the optimal control in a control-constrained setting, §3.4. With this
time regularity, one may reformulate the variational inequality characterizing a locally optimal
control to a projection identity. In §4 we show how to choose X,Y and the integrability exponent
p for a list of concrete examples of control spaces U,,.

1.3. Basic notation and definitions. In the following, J = (T, T}) denotes a generic non-
empty interval with —oo < Ty < 77 < oo. All Banach spaces under consideration are supposed
to be real. We follow the general convention that caligraphic letters like U or ) etc. always stand
for function spaces on J with values in another Banach space (or subsets of such spaces), whereas
the standard letters U, Y, X are used for “spatial” function spaces on a domain A C R", or as
placeholders for general Banach spaces of whatever kind.

For two Banach spaces X and Y, we say that Y is (continuously) embedded into X, abbreviated
by X — Y, if Y C X and the identity mapping from Y into X is continuous. Analogously,
Y <« X stands for Y being compactly embedded into X, where ¥ C X and the identity
mapping from Y to X is compact. Bounded linear operators between Banach spaces are denoted
by L(X;Y), and the subspace of compact linear operators by K(X;Y). Further, we denote by
L"(J; X) the set of all Bochner-measurable functions w, for which the function J > ¢ — ||w(t)]|x
belongs to L"(J) with the corresponding norm, for 1 < r < oo. The subspace of all functions
from L"(J; X) possessing a derivative in the sense of X-valued distributions also belonging to
L"(J; X) is called W (J; X), cf. [10, Ch. XVIIL1.1] or [2, Ch. IIL.1] and we give it the norm
Il fllwrcrxy = 10cfllorrx) + 1 f | L (s;x)- Vector-valued Holder-spaces are denoted by C¢(J; X)
for o € (0,1) with the Holder norm, see [2, Ch. II.1.1], where we always identify a Holder-
continuous function on J with its unique extension to J. We sometimes also write C'¢(J; X) with
the range ¢ € [0,1) — in this case, C(J; X) = C°(J; X) is to be read als the space of (uniformly)
continuous functions on J, equipped with the supremum-norm.

For Banach spaces X,Y and for § € (0,1) and 7 € [1, 0], (X,Y)s,r denotes the corresponding
real interpolation space, and [X, Y]y the corresponding complex interpolation space, cf. [46, Ch. 1],
see also [2, Ch. 1.2.4].

Finally, by C' we denote a generic positive constant.

2. COMPACTNESS IN BOCHNER-LEBESGUE AND (HOLDER-)CONTINUOUS SPACES

We first review the two most important compactness characterizations for Bochner-type spaces:
The Fréchet-Kolmogorov-Simon theorem for compactness in the L(J; F) scale and of course the
Arzela-Ascoli theorem for compactness in the space of continuous functions C(J; F).
Let us assume that X and Y are Banach spaces with X < Y densely, and let J = (Tp,77) be

a finite interval. As announced in the introduction, we set

W2 (X;Y) = Wh(J;Y) N LP(J; X)
with the usual intersection norm

19l 2 vy = NWllwrzcnyy + 1lleesx)-
Remark 2.1. Up to equivalence of norms, we have
1,2 . - w2 7. .

W 5(X5Y) = WHA(J;Y) N LP(J; X),

where the latter is the set of all functions {f € LP(J;X): 0.f € L3(J; Y)} equipped with the

norm f > ||0¢f|z2(rvy + IIfll e (r;x)- This follows from WY2(J,Y)NLP(J; X) = C(J;Y), see
e.g. [46, Lem. 1.8.1], cf. also [3, Lem. 6.1].
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We first state the Fréchet-Kolmogorov-Simon theorem [43, Thm. 1]:

Theorem 2.2 (Fréchet-Kolmogorov-Simon). Let F' be a Banach space, and let & C L1(J; F') for
some 1 < g < oo. Then ® is relatively compact in LY(J; F) if ¢ € [1,00), respectively in C(J; F)
if ¢ = oo, if and only if

@) [1fC¢+h) = fC)llzacry,m—npy = 0 as h — 0 uniformly in f € @,

(ii) {fst f(r)ydr: f e <I>} is relatively compact in F for all s,t € J with s < t.

One can see rather clearly a division of the requirements in Theorem 2.2 into a time reqularity
assumption, so the first one, and a “spatial” compactness assumption in the second one. This
observation will be of particular interest to us because it already shows that the elements of a
compact set in a Bochner-Lebesgue space must in fact exhibit a better type of time regularity
than this class of functions generally admits.

The particular form of Theorem 2.2 which we employ is the following simple modification
of [43, Cor. §]:

Proposition 2.3. Let ® C LP(J; X). Let further Z be another Banach space and suppose that
E € K(X,Y)r1;2) for some T € (0,1). Set € by (Ey)(t) = E(y(t)) and assume that the
following conditions are satisfied:

(i) The derivatives {d:f: f € ®} are bounded in L*(J;Y),

(ii) @ is bounded in LP(J; X).
Then ED is a compact subset of L"(J; Z) for every } > 1*77 —ZifT < 2_ and a compact subset

2+p’
of C(J; Z) if 7> ﬁ.

Let us point out that the space Z itself need not lie between X and Y, so it needs not be
embedded into Y in particular. This is the small but, for certain setups very useful, difference
between Proposition 2.3 and the quoted classical result of Simon and others [43, Cor. 8]. See the
running example and §4.4.

While Theorem 2.2 already gives an assertion about compactness in the space of continuous
functions, the classical complete characterization is given by the vector-valued Arzela-Ascoli the-
orem [26, Thm. 3.1]:

Theorem 2.4 (Arzela-Ascoli). Let K be a compact subset of a metric space, and let F' be a
Banach space. Let @ be a subset of the space of continuous functions C(K; F) with the supremum-
norm. Then ® is relatively compact in C(K; F) if and only if the following two conditions are
satisfied:

(i) @ is equicontinuous,

(i) for each x € K, the set {f(z): f € ®} is relatively compact in F.

Again, we have a distinction between temporal regularity (equicontinuity) and spatial com-
pactness. We use the theorem in the following way:

Corollary 2.5. Let Z be a Banach space, let 0 < a < w < 1, and suppose E € K(X,Y)r1;Z) for
some T € (0,1). Then the linear operator £: C¥(J;(X,Y)r1) = C*(J; Z) defined by (Ey)(t) :=
E(y(t)) is compact.

Finally, the connection between the spaces of (Hélder)-continuous functions and W}*(X;Y')
is as follows:

Theorem 2.6. Let p € (1,00) and let 7 € (Qi—p, 1). Then we have

W2 (X;Y) < CJ; (X, Y)r1)
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We give the proof of Theorem 2.6 because it is remarkably elementary with a little knowledge
of interpolation theory. Let us recall the following embedding result which follows immediately
from the construction of real interpolation spaces by means of the trace method, see [46, Ch. 1.8.3]
and [2, Thm. I11.4.10.2]:

Lemma 2.7. Let p € (1,00) and 6 = p—ig. Then we have W),?(X;Y) — C(J; (X, Y)G,é)'

The proof of Theorem 2.6 now mainly consists of interpolating this embedding with the well
known embedding W'2(J;Y) < CY2(J;Y), cf. [3, Ch. 3]. This also underlines why there is the
natural upper bound of 1/2 for g in Theorem 2.6 (for 7 * 1).

Proof of Theorem 2.6. From the W'2(J;Y) < C'/2(J;Y) embedding we have, for ¢, s € J and

ue W) (X;Y), the Holder estimate
t 1/2
(2.1) u(t) — u(s)]ly = \ [ oatyar| < - s ( [ 1ot dr)

s Y J

holds true. Set 6 := ﬁ. By the reiteration theorem (cf. [46, Ch. 1.10.2]), we write (X,Y), 1 as
(X, Y)97%,Y),\,1 with A = %. This allows to deduce the following Holder estimate:

17

[u(®) = w(s)ll(x.x) s

< t
TR (O, + @, )T
for all ¢, s € J. Now, employing Lemma 2.7 and (2.1), one obtains
[u(t) — uls)llx,v).,
It —s|2 - < Cllullya x,y,y
and the embedding C(J; (X,Y)y 1) < C(J;(X,Y)r1) if 7 > 60, cf. [46, Ch. 1.3.3 (4)] together
with Lemma 2.7 implies the assertion with o = A\/2. (|

Before we prove our main theorem for this section, we recall the following compactness propaga-
tion property for interpolation scales. It follows from [46, Ch. 1.16.4, Thm. 1] and the reiteration
theorem ([46, Ch. 1.10.2]).

Lemma 2.8. Let Z be a Banach space and let E € L((X,Y)p1;Z) for some n € (0,1) with
EeK(X;Z). Then E € K(X,Y)r1;Z) for all T € (0,7).

Theorem 2.9. Let p € (1,00) and let X,Y and Z be Banach spaces where X — Y densely.
Suppose that for n € (0,1) there is a continuous linear operator E € L((X,Y ), 1;Z) such that
E € K(X;Z). Then the linear operator defined by (Ey)(t) := E(y(t)),

L"(J; Z) forl>ﬂ—ﬂ if0<77<i

. 1,2 . ’ T P 2 = 24p’
E: W, (X;Y) — Cot). 7 0 1n o

(J;Z) for0§g<§——p Zf—2+p<77<1,

18 compact.

Proof. By Lemma 2.8, we have F € K((X,Y);1;Z4) for all 7 € (0,n). The assertions now
follow from Proposition 2.3 for the L"(J;Z) embedding and from Theorem 2.6 together with
Corollary 2.5 for the (Holder-)continuous scale. Note that the ranges for r and ¢ are non-strictly
restricted with respect to the interpolation parameter, so there is no loss passing from 7 to
T € (0,n). O

Remark 2.10. Let us mention that the proof of Theorem 2.9 can also be done by using the results
of Amann [3], for instance by establishing an embedding of W}D’Q(X ;Y) in a Bochner-Sobolev-
Slobodeckij space with values in an interpolation space and then using compactness results for
these kind of spaces [3, Sect. 5]. Since the results in [3] are quite involved, we have decided to give
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a different, somewhat more superficial exposition with a straightforward proof of Theorem 2.6.
A quite useful observation however is that, quite in analogy to Theorem 2.6, we have

s 1 1-=m 7

WA(X;Y) < L3(J;(X,Y),1)  where 5> " "3
as we infer from [3, Thm. 5.2]. This can also be used to re-obtain Proposition 2.3 by applying [43,
Cor. 8] to the set ® as a subset of L*(J;(X,Y),,1). Doing so mimics the line of thought used for

the case of (Holder-) continuous spaces.

3. RELATED ASPECTS IN THE OPTIMAL CONTROL PROBLEM

We return to the optimal control problem
%nir; J(ya U) = Js(y) + JC(U)
Yy, u
(OCP) subject to  F(y,u) =0,
U € Upg.

We assume that for every u € U, there exists a unique y € Y such that F(y,u) = 0, that
is, the so-called control-to-state operator U, > u +— y(u) € Y such that F(y(u),u) = 0 is well-
defined. Here, F': Y xU,, — Z is meant as a nonlinear evolution equation with possibly additional
constraints. The set U,q stands for possible constraints on the controls u.

We give an example of an evolution problem modeled by F' with lack of compactness for the
control-to-state operator on U, or U,q. This example will be used and continued throughout the
article to illustrate the results.

Example. Let us consider the following PDE system as a model example:
010 — A0 = |[Vp|> in Q, VO-v=20; on 0, 6(0) =0,

3.1
(3:-1) —Ap=0 in Q, Vo-v=u on 0,

which is to be satisfied on the time interval J and an underlying (sufficiently smooth) spatial
domain Q@ C R? with d = 2 or d = 3. This is a setup for a boundary control problem for
a nonlinearly coupled state system, and this particular version is a modification of a so-called
thermistor problem. (See e.g. [25,32,33] for a treatment of much more involved versions.) We
suppose that 6y € L>°(J; L>°(99)). The abstract model for y = (0, ¢) is

(80— A0~ V26,
(52) Faa) = (202
with

Y= (Wor (J W (@) N LT (s WH(Q)) ) x L2 (J;W9(Q)

and
Z = L*(J; Wy bUQ)) x L2 (J; W, (),

where W~ L9(Q) is the dual space of W4 (Q). Due to the inhomogeneous Neumann boundary
data, we treat the system in a weak setting. In accordance with Z, the weak control space would
be Uy, = L*(J; Wy 29(Q)). Under the condition ¢ > d there is a well defined and continuous
control-to-state operator mapping from U,, to Y for s € (1,00). This can be proven as in [25].
However, due to the nonlinear coupling in the state equation, the control-to-state operator is not
weakly continuous on U,,. Hence, with only weak convergence in U,, for u, we cannot pass to the
limit in the PDE system.

The situation does not improve if we incorporate e.g. almost everywhere pointwise control
bounds for a weakly convergent sequence of controls (ug). These are only reasonable for objects
with a meaningful pointwise (almost everywhere) meaning, like functions in a space of type
L>(J; L*(09)), and we would incorporate that space the definition of F' via tr* u instead of u,
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where tr* is the adjoint of the trace operator tr for Q. This operator E = tr* maps L!(9Q) to
W—14(Q) for ¢ large enough. (See §4.4 for details.) Hence € derived from E maps L>(J; L(99))
to Uy, but not compactly, since the image set lacks time regularity, recall Theorem 2.2, see
also [43, Prop. 2]. Hence, even pointwise control constraints which give rise to a bounded set in
Lo (J; L*°(092)) would not help to gain compactness here.

Let us now turn to the actual assumptions which allow to use a control space of type W:},*Q (X;Y)
in order to achieve a satisfactory theory:

Assumption 3.1. The following properties hold true:

(i) The control-to-state operator U, > u +— y(u) € Y is continuous, but not assumed to be
weakly continuous in any sense,

(ii) we have U, = L™(J;U) for some 1 < r < oo or U, = C°(J;U) for some p € [0,1/2),
with a Banach space U,

(iii) there are reflexive Banach spaces X,Y with X — Y densely and a linear operator E
with an 1 € (0,1) such that E € L((X,Y),1;U) and E € K(X;U), where o < 4 — 177”
if n > ﬁ, and 1 > 17777 — 7 otherwise,

(iv) Uaa is nonempty, closed and conver (and hence weakly closed) in W *(X;Y),

(v) Js: Y = R is lower semicontinuous and Js is bounded from below over y(EUaq),

(vi) Jo: WLA(X;Y) — R is given as in (1.1).

By the assumptions, Theorem 2.9 tells us that £ maps W)*(X;Y) compactly to U, where
again (and from now on) (£y)(t) = Ey(t). Using the control-to-state operator and &, the prob-
lem (OCP) may equivalently be reduced to the control u incorporating the space W,?(X;Y),
which results in the following definition:

Definition 3.2. We call the following optimization problem the reduced optimal control problem:
(OCP,) min  j(u) = J(y(Eu),u) subject to  u € Upg.

As explained in the introductionary chapter, the main motivation to use the spaces Wzl,*z (X;Y)
stems from the compactness property as in Theorem 2.9, together with a certain well-behavedness
with respect to further uses in optimality theory if J. as defined in the introduction (see also (1.1)
below) is used in the objective functional. We intend to lay out these benefits in this chapter.
More precisely, we show that J. admits the usual properties needed to show existence of optimal
solutions to (OCP,), and that the choice of Y as a Hilbert space allows to derive a concise
characterization of locally optimal solutions to (OCP,,).

3.1. Existence of optimal controls. As already pointed out in the introduction, the term
corresponding to W;’Q(X; Y) to be used in the objective functional is

P
p
for some B2 > 0 and 3, > 0. For the following, let the assumptions in Assumption 3.1 hold true.

We now collect some properties of J. and W};Q(X ;Y). Note that while the following results

are also valid for p € (1,2), in that case the space W;’2(X; V)< WZI,Q(X; Y) would also admit
all needed properties and embeddings and be of easier structure than W) ?(X;Y).

(11) Selw) = [ o) + (o

Lemma 3.3. The spaces W}JQ(X;Y) are reflexive for every p € (1,00).

Proof. The spaces LP(J;X) and L?(J;Y) are reflexive since X and Y are reflexive (see [12,
Cor. IV.1.1]). Then W2(J;Y) is also reflexive, since it is isometrically isomorphic to a closed
subspace of L*(J;Y) x L(J;Y) via u — (Oyu, ). Hence W) ?(X;Y') is reflexive as an intersection
of reflexive spaces with W1max(2P)(.J;Y") acting as a common (Hausdorff) superspace. O
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Lemma 3.4. The function J. is weakly lower semicontinuous on W;;Z(X; Y).

Proof. Clearly, both u — Hat“H%Z(J-y) and u +— Hu||’L7p(J‘X) are continuous convex functions on

W;;Z(X ;Y), hence J. is also continous and convex and as such weakly lower semicontinuous. [
Lemma 3.5. Let 8, > 0. Then the function J. is coercive on W},’Q(X; Y).

Proof. Let (uy) be a sequence in W1-?(X;Y') such that ||uk||W;w2(X;y) — 00 as n — co. We show
that J.(ur) — 00, too. Due to Remark 2.1, we have Hu||W;’2(X;Y) S 0wl L2ayyy + lJwl e (g;x) for
allu € W)(X;Y). Hence, [|0u |l 22(;v)+lluell e (s,x) — 00 as k — 0o as well. Thus, at least one
of the summands must go to infinity, say, ||ux|| £r(s,x). But this implies that |Jus ||I£p(J;X) — oo and

accordingly J.(ug) — oo since J. is bounded from below by zero. The case where ||Osur|2(s;v)
goes to infinity works analogously. O

Lemma 3.6. The control-to-state operator u — yg(u) := y(Eu) is weak-strong continuous from
W};z(X;Y) to ).

Proof. Let up — @ in W?(X;Y). Then, by Theorem 2.9, (Euy) is strongly convergent in Uy, to
Eu. Since Uy, > u > y(u) € Y was continuous by Assumption 3.1 (i), we find that ye(ur) — ye (@),
ie, Wh2(X;Y) 3 urs ye(u) € Y is weak-strong continuous. O

Theorem 3.7. Let 3, > 0 or let Uaq be bounded in LP(J;X). Then there exists an optimal
solution U € Uyq to (OCP,,).

Proof. Since there exists a feasible point for (OCP,,), we consider an infimal sequence (uy) C Uaq
such that j(ug) — infue,, j(u). As j is bounded from below over Us,q, the sequences (Js(ye(ux)))
and (J.(ux)) must be bounded. If 3, > 0, then by Lemma 3.5, boundedness of J.(uy) implies
boundedness of (uy) in W, ?(X;Y). If on the other hand 8, = 0 but Uaq is bounded in L?(.J; X),
then (uy) is overall again bounded in W, ?(X;Y). Now using Lemma 3.3 gives us a subsequence
(ur,) that converges weakly in W) ?(X;Y) to some @. The set Uq is weakly closed, hence @ € Uaq.
Moreover, Lemma 3.6 shows that (yg(ug,)) converges strongly in ). Finally, j is weakly lower
semicontinuous on W;,’Q(X ;Y), see Lemma 3.4 and the assumption on Jg, such that we find

infyeu, j(u) =limpo0 j(ur,) > j(u), ie., j(u) = infyeu,, j(u). u

Example (continued). Let us continue with the example. Assumptions (i) and (ii) in Assump-
tion 3.1 hold true, with U = Wo_l’q(Q). Concerning assumption (iii), we had already noted that
the operator E = tr* maps L'(9Q) to W, "4(Q). More precisely, it does so when ¢ > q%, and
compactly so if the inequality is strict. Now choose Y = L2(9Q) and X = LP(92) with p > q%.
We suppose that p > 2 is necessary. (This is always the case when d = 3 due to ¢ > d = 3.)
Then we have E € K(LP(0Q); W5 "(Q)) and we prove in §4.4 that there exists 7 > ﬁ such
that E € L((LP(9Q), L2(9Q)),.1; Wy "%(€2)) whenever p is large enough. This shows that As-
sumption 3.1 (iii) is satisfied for the control space U, = L2*(J; W, “4(Q)) for any s € [1,00].
With box constraints constrained by measurable functions u,, up for Usq, assumption (iv) is also
satisfied since clearly W 2(LP(0%), L*(9Q)) < L?*(J; L*(952)) and convergence in L*(.J; L*(99))
preserves pointwise a.e. bounds. If we choose for instance Js(6, @) = %H@ - 9dH2L2(J;Lz(Q)) with
04 € L?(J; L*(2)), then assumption (v) is also satisfied, and we can use Theorem 3.7 to infer
that there exists an optimal control for the problem

o1 2 P2 2 B
om, 5\\9 —Oallz2(s020)) T §||atu||L2(J;L2(aQ)) + ?p”uHiP(J;LP(SQ))
subject to  F((0,¢),u) =0 in Z,

Ug < u < uyp a.e. on J x 99.

(Ex-OCP)
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Here, F as in (3.2) describes the system (3.1). We require 8, > 0 if U,q is not bounded in
LP(J; LP(09)), i.e., if ug,up & LP(J; LP(99)).

We will exhibit more examples for possible situations and arrangements of spaces X,Y and
appropriate choices of p for given spaces U,, in §4.

3.2. Norm differentiability and duality mappings. In the following, we will need J and thus
in particular J. to be at least Gateaux-differentiable. Being interested in Gateaux differentiability
for J., it is natural to consider differentiability properties of the norm functions ny and nx on
Y and X.

Definition 3.8. We say that a Banach space Z is smooth if nz is Gateaux differentiable on
Z \ {0}. Analogously, we call Z Fréchet smooth if ny is Fréchet differentiable on Z \ {0}.

It is well known that a norm function on a Banach space cannot be Gateaux differentiable
in 0 since this would imply the same for ¢ — [t| as a real function. Note moreover that due to
convexity, if a norm is Fréchet differentiable, then it is already continuously so, cf. [41, Cor. 4.3.4].
The following result gives us all we need for J.:

Proposition 3.9 ([28, Thm. 3.1], [27, Thm. 2.5]). Let Z be a Banach space. For p € (1,00), the
space LP(J; Z) is (Fréchet) smooth if and only if Z is (Fréchet) smooth.

Since J. consists of powers of Lebesgue-Bochner norms, the foregoing proposition shows that
J. is Gateaux differentiable on the whole space W;;Q(X ;Y) whenever X and Y are smooth.

Smoothness is naturally linked to Banach space geometry, in particular to convexity. Recall
that we say that a Banach space Z is strictly convez if from ||z1]lz = ||z2||z = 1 with 21 # 25 it
follows that ||(1 — X)z1 + Azz]lz < 1 for all A € (0,1).

Proposition 3.10 ([41, Prop. 4.7.10/4.7.14)). Let Z be a reflexive Banach space. Then Z is
smooth if and only if Z' is strictly convex and Z' is smooth if and only if Z is strictly convexz.

There exist various variations of the foregoing results and more precise assertions regarding
(Fréchet) smoothness in relation to Banach space geometry. We refer to [11] and [9] for a com-
prehensive treatment of the topic, see also [42, Sect. 2.3]. For us it suffices to know that Hilbert
spaces in general, and further the “standard” spaces of type L*(A) and W™*(A) for A C R™ and
m € N as well as s € (1,00) are smooth, see for instance [9, Ex. 1.3.7, Thm. I11.4.7]. (There are
also more “exotic” smooth spaces like Besov spaces on the real line.)

Since they will be needed often, we introduce the following mappings related to norm deriva-
tives:

Definition 3.11 (Support and duality mapping). We define the set-valued support mapping vz
of a Banach space Z to be

p2(2) = {2 € Z: ||z <1, (,2) = |12l }.
Further, we extend this notion to the duality mapping ¢z 4 of order g € [1,00) on Z by
1
pz,q(2) = 1215 ez (2),
with of course vz 1 = ¢z.

Both mappings are a priori set-valued in Z’, and their image in each z is nonempty due to the
Hahn-Banach theorem. In fact, px(z) is the subdifferential of the convex function nx in z and
indeed, if X is smooth, then ¢y is single valued on X \ {0} and we have n'y(z) = ¢x(x) with
llox (z)]|x» =1 ([41, Prop. 4.7.1]). Moreover, the derivative of n% is then given by
(3-3) (n) (2) = pric (2)nlx (2) = pox p(a),
hence px p(z) = %(ng()’(x) Observe also that ¢z ,(az) = |a|72apz,4(2) for any a € R; in
particular, ¢z 4 is an odd function.
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Remark 3.12. Note that for a Hilbert space Z, the normalized duality mapping || H2Z_q80Z,q
coincides with the Riesz isometry ®z: Z — Z’ defined by (2, 2) z = (®z(Z),2) 7',z forall z,Z € Z.
In this case (and only there, [9, Prop. 1.4.8]), || - [|*"9pz, is in fact linear. This is of course
particularly interesting for ¢ = 2.

Example 3.13. We briefly recall the support- and duality mappings for the most common spaces
L*(A) and Wh(A):
(i) For X = L*(A) for s € (1,00), the support mapping ¢ (a)(u) is given by

|u 5—2
WLS(A)( ) ‘

||u| Ls(A)

in accordance with the duality pairing on L%(A) as the L?(A) scalar product with the
usual identifcation (L*(A))’ = L* (A). This means that

PLs(A), p( )

(i) With [lullywr.say = ([ [ul® + [Vul® dx) we obtain analogously

|u|*~2u + |Vu|*~2Vu - V
Owia(ay(u) =

lullfyiecay
and
pws(a),p(1) = ullfps ) (Jul* 0+ [Vul*2Vu- V).

Another useful property of the support- and duality mappings which we will use later is the
following ([9, Prop. I1.3.6)):

Proposition 3.14. Let Z be reflexive and let Z and Z' be smooth. For r € (1,00), the duality
mapping pz,, maps Z bijectively to Z' with inverse @z .. In particular,
(3.4) oz 00zyr =1dz and @z,0¢pz v =idg
holds true.
3.3. First order necessary conditions. We now turn to first order necessary conditions for
the reduced optimal control problem (OCP,), i.e
(OCP,) min  j(u) = J(y(Eu), u) subject to  u € Upg.
u

The following additional assumptions will be needed:

Assumption 3.15. The following differentiability properties for (OCP,) and (OCP) are true:

(i) The control-to-state operator Uy, > u s y(u) € Y is continuously differentiable,

(ii) Js: Y — R is continuously differentiable,

(i) J. is given as in (1.1), whereas Y is a Hilbert space and X is smooth, cf. §3.2,

(iv) Uy = L"(J;U) for some r € [1,00) and a Banach space U such that U’ has the Radon-
Nzkod@jm property.

Classically, the implicit function theorem tells us that Assumption 3.15 (i) is satisfied if F is
continuously differentiable and 9, F(y,u) is continuously invertible as a linear operator from Z
to Y for (y,u) € ¥ X Uy, i.e., the linearized evolution equation is uniquely solvable for every
right-hand side in Z with a continuous solution operator.

Lemma 3.16. Under Assumption 3.15, J. is Gateaux differentiable on W};Q(X;Y) and we have

(3.5) J(u)h = /Jﬁg (Opu(t), Bth(t))y + By ox p(ult)), h(t)>X,’X de
for all u,h € W;’Q(X; Y).
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Proof. This follows from smoothness of the Hilbert space Y, Proposition 3.9 and a chain rule for
Fréchet- and Gateaux differentiable functions together with the derivative formula for Lebesgue-
Bochner norms from [27,28]. We have also used the identification of the duality mapping ¢y o
with the Riesz isomorphism ®y from Remark 3.12. 0

Together with the assumptions on Jg, the reduced objective functional j is also continuously
differentiable on W)»?(X;Y") under Assumptions 3.1 (ii) and 3.15. For the Radon-Nikodym prop-
erty, we refer to [12]. It is satisfied if U is reflexive.

Let us come to optimality conditions. The following definitions and results follow the standard
theory. We begin with the notion of a locally optimal control, which is the correct concept at
this point since the problem at hand is nonconvex in general.

Definition 3.17. Let @ € U,g, i.e., feasible for (OCP,). We call @ a locally optimal control
for (OCP,,), if

ja) <j(u) for all u € Upq such that |ju — ﬂ”W]},*?(XY) <e
for some £ > 0.

The constraint set U,q was assumed to be closed and convex, hence local optimality for a
control @ € U,q implies the following variational inequality:

Theorem 3.18 (First-order optimality condition). Let @ be a locally optimal control for (OCP,,).
Then

(3.6) (@) (u—1u) >0 forallu € Uaq
holds true.

We proceed by dissecting (3.6) by using the special structure of J.. The aim for the rest of
this chapter is to work out the benefit of having a linear dependence on 9;4 in j'(a).
For the derivative j'(u) in (3.6), we have by virtue of (3.5):

J'(wh = (Ji(ye (), y (Ew)ER),, |, + /Jﬁz (Ovu(t), 0:n(1)) y + Bplexp(u(t)), h(t)) x . x dt

for all h € W, ?(X;Y). Hence, in the situation of Theorem 3.18, introducing the so-called adjoint
state p(u) € U, with respect to @ by p(a) = y'(£a)*J.(y(a)), we may rewrite (3.6) to

(3.7) (u(u),E(u— a)>u;u,uw
+ /] Ba (0eu(t), Be(u — @)(1))y + Bp(px p(alt)), ult) = alt)) y,  dt >0

for all u € Uypq. To give (3.7) a more precise meaning, we need a few additional considerations. Let
us therefore recall the Riesz isomorphism ®y:Y — Y’ on Y from Remark 3.12. For y € Y, we
abbreviate ®y (y) by boldface y. Given a function w: J — Y, the distributional time derivative
satisfies @y (Qyw(t)) = 0y Py (w(t)), cf. [10, Ch. XVIIL, §1]. In this sense, we will just write 9, w(t)
for these terms without abuse of notation. We obtain the following reformulation of (3.7):

Corollary 3.19. In the situation of Theorem 3.18, we may equivalently rewrite (3.6) via (3.7)
and (3.9) to

(3.8) 0< /J<atﬁ(t)7at(u —a)(t))y,
+ gi ((Brpxa(@(®)). ul®) = a®)) .  + (e (@@, ut) = a0)) .y, ) dt

for all u € Unq, where (1, (@) (t) = E*pu(a)(t), so p.(a) € L™ (J; (Y, X )y00)-

Y

)
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Proof. By the choice Uy, = L"(J;U) for r € [1,00) with U’ having the Radon-Nikodym property
as in Assumption 3.15, we have Y/, = L"' (J;U’) ([12, Thm. IV.1.1]) and

@ﬁ%mzL@wﬂmwwﬂMrfdamHE%

Recall that by assumption E € L((X,Y),1;U) and hence E* € L(U';(Y',X')y,00), Where

(Y, X )00 = (X,Y)) 1, cf. [46, Ch. 1.11.2/1.11.3]. Hence we obtain that

3.9) (@), My, u, = /J(u(ﬂ)(t),Eh(t»U,yU dt = /]<E*M(a)(t)7h(t)>(x’y) dt

n,1

for every h € Wy?(X;Y). This is meaningful since h € W)2(X;Y) < L*(J;(X,Y)y,.) for

% > 1;—" — 7, see Remark 2.10, so we can choose s > r and the integrabilities in (3.9) match. O

We now proceed with further reformulations of (3.8). Of course, the interesting question is
whether @ is from int(U,q) or not. The first case is to be interpreted as the one where U,q is the
whole space W} ?(X;Y), i.e., there are in fact no control constraints present in (OCP,), since we
are in general unable to determine a priori whether @ € int(U,q) or not.

3.3.1. No control constraints. If Upq = W,?(X;Y'), then the variational inequality (3.8) is in fact
an equality, namely

(310) [152<atﬁ(t)7 6th(t)>yf7y + <BP¢X,P(ﬂ(t))’ h(t)>X’,X + <,LL* (ﬂ)(t)a h(t)>(X7y) dt =0

n,1

for all h € W;Q(X ;Y). The aim is now to rewrite the foregoing equality to an “ordinary”
differential equation in a Banach space using an integration by parts formula as in Theorem A.1
in the appendix.

Lemma 3.20. Let the assumptions of Corollary 3.19 be given and assume that Usq = W},Q(X; Y).
Then (3.6) is equivalent to t € W2 (X;Y') being a solution to the abstract differential equation

(3.11) B2070(t) = B p(a(t)) + i (@)(t) in X',

for almost all t € J, with the boundary conditions 0;a(To) = 0;u(T1) = 0. In particular, we
have 92t € L' (J; X') + L (J; (Y, X )00

Proof. From Corollary 3.19, we obtain that (3.6) is equivalent to (3.10) in the case @ € int(Uaq)-
Now let us choose h € C*(J)@ X € WLA(X;Y)NWL2((X,Y),,1,Y) in the form h = ¢® f with
¢ € C*(J)and f € X. Then we have ([10, Ch. XVIII, §1])

([romoswar) == [ oo mmo).s)
for all f € X, i.e.,

/ & (1) Badyu(t) dt = — / 6(t) (Bopx p((1)) + (@) () At in X'
J J

and this is true for all ¢ € C°(J). (Recall that (Y, X"), o <> X', so p.(@)(t) can be seen as an
element of X’.) But this means exactly that
(3.12) Ba0fu(t) = Bppx p((t) + p(@)(t) in X

in the distributional sense for almost all ¢ € J. Hence, ?1i(t) € LP (J; X') + L" (J; (Y, X')1).00)-
Since the latter space is a subset of L™1(®" ™) (J; X'), we obtain that 9@ is in fact a weak deriv-
ative. Further, we are now able to apply Theorem A.1: Let h € Wllf(X; Y)NWr2((X,Y),1;Y)

XX
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be arbitrary. Then we have 8;@ € L2(J;Y’) and 92t € LP (J; X') + L (J; (Y, X")y.00) as well
as h € LP(J; X) N L"(J;(X,Y),1) and d;h € L2(J;Y), so

(3.13) /J (0(t), 0h(1)) .

_ /J<a§a(t), B(0)) o x dt + (B(T1), B8(T1)), — (h(Th), dpu(To))..

is true for all h € W, 2(X;Y) N W2((X,Y),1;Y), where (-,-)¢ stands for the duality pairing of

Xe=(X,Y) 2 200 NV(X,Y) 2000 20

=)
with its dual space
Xe=(Y"X") o 20p + (Y, X') 2800 241,
24+p’ p o

247
cf. Lemma 2.7. We have used the reiteration theorem to obtain

((X’Y)?%DY) 2 24r = (X7Y)2;;7":,21+’"

S+
and analogously for the dual space. Finally, inserting (3.10) and (3.12) into (3.13), we find that
0a(Ty) = 8;u(To) =0 in Xé, since h € W})’Q(X; Y)NWE2((X,Y),1,Y) was arbitrary.
For the reverse implication, we test (3.12) with h = ¢ @ f € C°(J) ® X and repeat the
foregoing actions in reverse. Since C°(J)® X is dense in WH2(X;Y)NW((X,Y),1),Y) by [2,
Thm. V.2.4.6], this implies that (3.10) holds true for all h € W)2(X;Y)NWL2((X,Y),1;Y). O

Example (continued). We look at Lemma 3.20 in the context of the running example. We had
Y = L*(09) and X = LP(09) with p > ¢t Accordingly, px ,(u(t)) is given by |a(t)[P~?u(t).
We had U, = L*(J; Wy "9(Q)) and set r := 2s. The adjoint state u(@) € U, = L™ (J; W9 (Q))
is given by the component 1 of the (very weak) solution (9,) to the adjoint system

- 09 — AY =0(a) — 04 in Q, Vd-v=0 on 0Q, HT) =0,
(3.14) —A¢p = =2div(¥Ve(a)) inQ, V¢-rv=0 on 09,

and ju. (@) € L (J; (L2(39), LP (9Q))y.0) is its spatial boundary trace tre. (Here it becomes
visible that p(@) and p. (@) in general depend nonlocally in time upon @.) This means that by
Lemma 3.20, a locally optimal control & € W)»?(LP(99), L*(052)) for (Ex-OCP) satisfies (3.11),
$0
B2070(t) = Bla(t)[P~>a(t) + trop(t) in LP (99)

for almost all ¢t € J, with 0;0(To) = 9;0(T1) = 0 almost everywhere on 02 and the regularity
dF(t) € LP'(J; 1P (09)) + L' (J; (L*(99), L” (99))y.). Note that since 2 > p/, the Lorentz
space (L2(99), L' (99)),).0o embeds into L™ (99) for L > 04 7 see [46, Thm. 1.18.6.2].

'

3.3.2. The general case of control constraints. Let us return to (3.8) and consider the general
case where @ is not an interior point of U,q. For this case, we have to treat the variational
inequality directly. The aim is to characterize % using projections in X and X', respectively.
Such a characterization could then be used in numerical methods such as semismooth Newton
methods. See also Remark 3.31 below.

Recall that we have assumed X to be smooth. We will also need that X’ is smooth, or,
equivalently, that X is strictly convex, see Proposition 3.10. The following assumption is thus
supposed to be valid from now on.

Assumption 3.21. The space X' is smooth. Equivalently, X is strictly convex.

We first consider the usual metric projection:
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Definition 3.22. The metric projection Pk ((y) € K of a point y € X onto the nonempty closed
convex set K C X with parameter ¢ € (1,00) is given by

_ _ o1
(3.15) T=Pg(y) <= T=argmin—|z—yl%.
zeK S
We write Px instead of Pk 5.

It is clear that the differentiable convex minimization problem in (3.15) has a solution in K
and this solution is unique since || - || is a strictly convex function for ¢ > 1. (Here we have used
that X is strictly convex and [9, Prop. 11.1.6].)

Lemma 3.23. Let K C X be a nonempty closed and conver set, let T € K and let f: X — X'.
Then

(3.16) <f(:E),:z:fi>X,7X >0 forallze K = T =Pk (T - px .o (af(2)))
for every ¢ > 1 and o > 0, where px+ o is the duality mapping as in Definition 3.11.

Proof. This follows from the observation that the identity & = Pk ((y) for y € K is equivalent to
optimality condition for (3.15), so

(3.17) (pxo(@—y),x—T)y, =0 forallze K.

(Recall from (3.3) that px () = %(n})/(f)) Fory =z —px: o (af(Z)), the foregoing inequality
collapses to the variational inequality in (3.16). Here, we have used (3.4) from Proposition 3.14

which also requires X’ to be smooth. O

In the case ¢ = 2 and X (and thus X') being a Hilbert space, the formula for  in (3.16)
becomes exactly 7 = P (7 — a®' (f(#))), recall Remark 3.12.
In order to introduce a generalized projection on X, we follow [1,29] and define the mapping

1 Y 1
Vi XXX SR Vilgym) = Sl — (9rm)x + el
for ¢ € (1,00). The next definition originates from [1].

Definition 3.24. The generalized projection 7x (¢) € K of a functional ¢ € X' onto the
nonempty closed and convex set K C X with parameter ¢ € (1,00) is given by

(3.18) T=7k(¢p) <<= T=argminV (¢, ).
reK

We write 7 instead of 7k 2.

One readily observes that V.(¢,z) > 0 for all (¢, 2) € X’ x X, such that the minimum in (3.18)
is indeed a finite value. For the proof that there in fact exists a minimum in (3.18) instead of
a mere infimum, uniqueness of that minimum, and more properties of 7k 2 in general, we refer
to [29], where the obvious modifications have to be applied to account for ¢ # 2. Of course,
uniqueness again relies on the strict convexity of X.

Note that if X is a Hilbert space, then Va(¢,z) = 3[|®%'(¢) — z[|% and 7x o ®x coincides
with the metric projection Pg. In this sense, Definition 3.24 indeed generalizes the notion of a
projection. The following property for the generalized projection which we need in the following
is in analogy to Lemma 3.23 above:

Lemma 3.25. Let K C X be a nonempty closed and convex set, let T € K and let f: X — X'.
Then

(3.19) <f(5c),x—a’c>X,7X >0 forallze K = T =7k (pxc(T) — af(2)),

for every ¢ € (1,00) and o > 0, where x ¢ is the duality mapping as in Definition 8.11.
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Proof. The proof is analogous to that of Lemma 3.23: We know that z must satisfy the optimality
conditions of the minimization problem in (3.18), so

I=71ko(¢) <= (0.V(¢,Z),x—T),, >0 forallzek,
and we have 0,V (¢, Z) = vx,c(Z) — ¢. Hence, inserting ¢ = px () — af(Z) gives the claim. O

Remark 3.26. Let us, analogously to Example 3.13, calculate an expression for the generalized
projection in X = L*(A) for some A C R™ and s € (1, 00), where the convex closed set K is given
by so-called box-constraints:

(3.20) K = {u € L*(A): thmin(x) < 0(x) < tmax(x) f.aa. x € A}.

K # 0. Tt is well-known—and, using Example 3.13, easy to see—that in this case the metric
projection Pk ¢ in L*(A) for a function £ € L*(A) and ¢ € (1,00) is given by

(321) 1/1 = PK,C(&) in LS(A) <~ 1/J(X) = P[umin(x),umax(x)] (f(X)) fae xe€ Aa

where P, 5 denotes the usual pointwise projection onto the interval [a,b] in R for given a,b € R
with a < b, i.e., P 4)(y) = min(b, max(y,a)). We will see that we obtain an analogous formula
for the generalized projection 7k s, thereby justifying the expression generalized projection also
on a more practical level, cf. (3.22) below. Proposition 3.14 will become useful now. Indeed,
the L°(A) spaces are known to be strictly convex for s € (1,00). Thus, the duality mappings

Here, Umin, Umax are measurable functions which satisfy wumin < Umax a.e. in A and we assume

Pre(n),s and @y o) o transform L*(A) bijectively into L' (Q) and vice versa, and are inverse to
each other, for every ¢ € (1,00).
Now let us consider ¢ € L¥' (A). By Lemma 3.25 with o = 1, we have for every ¢ € (1,0)

p=7kc () inL(A) < <<pLs(A)7§(¢)—C,y—¢>LS,(A)’L5(A)ZO for all y € K.

Choosing ¢ = s, we obtain (see Example 3.13 for the derivative formula)

(Prea®) = €U = 8) oy oy = [ (0726 =0) - (v = 0)
From here, one readily observes that, due to monotonicity of the duality mapping ([9, Thm. I1.1.8]) ]
(3:22) 6 =mra(¢) in L'(A)
= A(X) = Pl (0, umax ()] ((QOLS/(A)’S,(C))(XD fa.a. x € A.

This means that 7 s indeed also acts from Ls/(A) to L*(A) as the pointwise projection onto
the admissible set K, in this case however necessarily combined with the duality mapping which
shifts ¢ from L* (A) into the space L*(A). In fact, for the L*(A) spaces and box constraints we
obtain Pk s = Tk s © Prs(A),s OF Tk,s = P s © PrLe (A),s' respectively.

To use the generalized projection to obtain a pointwise representation for %(t), we have to get
rid of the integration in the variational inequality (3.8). To do so, we pose the following additional
assumptions:

Assumption 3.27. We assume the following to be true:

(i) the optimal control @ has the additional regularity
OFa e LV (J; X)) + L7 (J; (Y, X )yoo)  with 8;8(T1) = 0,8(To) =0,
(ii) the feasible set Unqg is given by
(3.23) Upg = {u € W;’Q(X;Y): u(t) € Uqq for a.e. t € J}

for a closed convex set Uyq C X.
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Let us point out that the first of the foregoing assumptions is of rather delicate nature, and
we consider it in more detail in §3.4.

Remark 3.28. A particular case for the assumption on the set U,q in Assumption 3.27 to be
satisfied is the one of time-invariant box-constraints, cf. also Remark 3.26:

Ung = {v EU: Umin(x) S V(X) < Unmax(x) fa.a. x € A}
with the bounds Uiy, Umax € X.
Using these new assumptions, we obtain the following reformulation of the KKT condition (3.6):
Lemma 3.29. Suppose Assumption 3.27. Then (3.6) holds true if and only if

(321)  alt) = o (a@?ﬁ(t) - (‘;f%x,pw)) - @X,c(u(t))> - ;u*m)(w) in X

for¢ e (1,00) and a > 0, and almost every t € J.

Note that for ¢ = p and a3, = 2, the duality mappings in (3.24) cancel each other.

Proof of Lemma 3.29. The KKT condition (3.6) is equivalent to (3.8) via Corollary 3.19. Now,
the regularity of O21i(t) together with its boundary values allows to use Theorem A.1 to obtain

[ @00 =) 0)y, at = = [ (GFae).u0 - a0) ot
J

J
i.e., (3.8) holds true if and only if the inequality

(3.25) / (~BoBPU(6) + Byipxp(a(D) + (@) (1), u(t) — (1)),  dt >0

does so for all u € Uy,q. Clearly, the left-hand side of (3.25) is continuous w.r.t. u in the L?(J; X)N
L"(J; (X,Y)y,1)-topology, and W2(X;Y') is dense in that space since Cg°(.J; X) is. This means
that (3.25) is true for all u € Uaq if and only if it is true for all uw € U}, = {w € LP(J; X) N
L"(J; (X,Y)p1: w(t) € Unq for ae. t € J}. Now Assumption 3.27 (ii) allows to deduce that for
every t € J and every v € U,gq, there exists v € U}, such that u(t) = v holds true-namely, the
constant function u(-) = v. Hence, (3.25) holds true for all u € Uyq if and only if

1
<—3t21_1(t) + &apx,p(ﬂ(t)) + —p(a)(t), v — u(t)> >0 forall v € Uy
Bo Ba X' X
for almost every ¢t € J. Now an application of Lemma 3.25 for almost every ¢t € J yields the
claim. 0

Considering equation (3.16) we get the analogue to Lemma 3.29 for the metric projection:

Lemma 3.30. Suppose Assumption 3.27. Then (3.6) holds true if and only if

(3:26)  a(t) = P, (u<t> ~ g (G a(t) - adfale) + g;mw(t))) in X

for¢ € (1,00) and oo > 0, and almost every t € J.

We have chosen to present the generalized projection since formula (3.24) looks and seems
much more familiar to the Hilbert space case than (3.26). However, both formulas are equivalent
and in that sense of equal value. They should serve as a possible starting point for numerical
methods used to determine solutions to the optimal control problem.
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Remark 3.31. When aiming to prove convergence for semismooth Newton methods in the
particular case X = L*(A), one way is to interpret (3.8) as the optimality conditions for another
optimization problem over W},*z (X;Y) with the admissible set U,gq and derive the corresponding

dual problem. This leads to an optimization problem which is posed in LT/(J L (A)) for which
the classical semismooth Newton method is available. We refer to [47] for a comprehensive
treatment. Let us also note that the proof of convergence for semismooth Newton methods relies
on a regularity gap (compactness). For the classical obstacle problem, this is obtained by the
additional W?24(A)-regularity for the solution in the Hg(A)-setting, cf. [47, Ch. 9.2]. In our setup,
the additional regularity 97 € L¥ (J; X') + L (J; (Y, X")y.00) With 8;0(T1) = 8;@(To) = 0
as in Lemma 3.29 or Assumption 3.27 plays this role. We leave the details for now and plan to
investigate this matter further in later works.

Example (continued). We consider the results in this subsection with respect to the exam-
ple (Ex-OCP), for which X = LP(9€) with p > 2 and Y = L?(09). It was already mentioned
that X’ = LP () is smooth. Let the box constraints bounds g, up be given by ug(t) = Umax
and up(t) = wumin for almost every ¢ € J with fixed functions umin, Umax € LP(9). Then
Assumption 3.27(ii) is satisfied, cf. Remark 3.28. For the moment, we suppose that Assump-
tion 3.27(i) is satisfied. We will verify that this is the case in Section 3.4 below. As seen in
the example considerations in Section 3.3.1, the adjoint state u(a) € U, = L (J; WhH' (Q)) is
given by the component ¢ of the (very weak) solution (9,v) to the adjoint system (3.14) and
(@) € L7 (J; (L2(09Q), L¥' (082))n,00) is its spatial boundary trace tr .

Since ug,up € L®(J; LP(0R)), we are allowed to have 8, = 0. Then a = 32 and ¢ = p in
Lemma 3.29 yield that a locally optimal control @ to the example optimal control problem satisfies

W(t) = TU,p(B2OF(E) + [a(8) P 20(t) — tre6())  in LP(00)

for almost every t € J. In Remark 3.26 it was already observed that the generalized projection
onto the box constraints in a Lebesgue space can then be resolved in a pointwise manner to obtain

(321) G0 = Pl e ) (#1500 (B2075(6) + ()P 2a(t) — tr (1) ) ()

for almost all (¢,x) € J x 99Q.

On the other hand, for 5, > 0, we can take o = B2 {6 obtain

Bp
_ _ 52 2 — 1 . P
a(t) _md,p(ﬂ 9% (t) — Fptrw(t)) in LP(99).
for almost every t € J, and analogously to the above
(3.28) 08)() = Plan ) mae 0] (B3 P10 (00 (B2078(8) = tr(8) ) ()

for almost all (¢,x) € J x 99.
Let us now turn to the metric projection. From Lemma 3.30 we get with ¢ = p and a = 3, for
a locally optimal control

W(t) = Poap ((8) = 010000 (B B0 20(0) = Ba0(8) + tr6(1)) ) in LP(00)

for almost every t € J. Hence,

1)) = Plagsn ()t (80 ) = 0100 (0 (BlUOP~20(8) = B070(8) + tr0(1) ) ()

for almost all (t,x) € J x 0§). The foregoing equation together with (3.27) and (3.28) give
a full pointwise representation of an optimal control @ for (Ex-OCP). Note that the duality
mappings on Lebesgue spaces @rs () s(u) = |u|*~2u are in general only min(1,s — 1)-Holder
continuous [42, Thm. 2.42/Ex. 2.47]. This is to account for the infinite slope in zero if s € (1, 2).
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3.4. Verification of Assumption 3.27(i) in special cases. It was already mentioned that
Assumption 3.27(i) is a sensible one. This section shows why that is the case and how one may
verify it in specific situations. For brevity, we fix from now on

o(t) == —%w,p@ - %M* (@) € IV (J; X') + L7 (J: (Y, X'y o).

The idea is as follows: We interpret the variational inequality (3.8) as the optimality condition
for the auxiliary optimization problem

min /J %H&tu(t)Hi—<g(t),u(t)>x,,X dt.

UEUq

With the aim of deriving additional regularity for d?#i(t) in mind, this suggests to consider
regularized versions of that problem whose optimal solutions we expect to exhibit that regularity.
The regularized problems are, parametrized by the regularization parameter \ > 0,

(Py) min  F)\(u)
weWE2(X;Y)

with
Fy(u) := /J %Hatu(t)ﬂi —(g(®)u(t)) x5 + % <Hu(t) — ()|’ + %Hu(t) — Px(u(t))||’;) dt.

We have used (as we will do from now on) Px as a shortcut for Py, , in X.

Due to coercivity of F on W};Q (X;Y) and strict convexity of (powers of norms of) the spaces
in F), the regularized problems (P,) admit unique solutions uy € W};Q (X;Y). These are then
shown to converge to @ in W, (X ;Y’), and we will see that if we manage to bound d7uy uniformly
in L (J; X'), then we will also obtain the desired 92t € L¥ (J; X'). It will however turn out
that the latter requires quite strong assumptions on (the metric projections on) the underlying
spaces X and Y which essentially limits the treatment to the case X = L*(A) and Y = L2(A).
See Lemma 3.37 and Lemma 3.39 below. The L (J; (Y’, X"),) o) regularity comes from g only
and is thus uniform in A.

To start with, we pose some compatibility assumptions on the metric projections in X and Y.

Assumption 3.32. For the rest of this section, we assume p > 2 and the following:

(i) The projection Py onto Usq in'Y continuously maps X to X and there are constants
m,b € R such that the following sublinear growth condition is satisfied:

1Py (u)|lx <mlullx +b.
(ii) The pointwise feasible set Uyq is such that Py is directionally differentiable on'Y .

While the Assumption 3.32(i) is not severely restrictive, some words concerning the second
condition are in order:

Remark 3.33. As a projection in a Hilbert space, Py is directionally differentiable if U,q is
polyhedric, extended polyhedric, or second-order regular (see e.g. [22,34], [6, Theorem 5.5], and [7,
Theorem 3.3.5, 3.3.6 and Remark 3.3.7]). As for instance proven in [48], constraint sets defined
through box constraints in L*(A) and W1#(A) with s € (1,00), i.e.,

U = {ue L*(A): umin(x) < u(x) < Umax(x) a.e. in A}
and Ua((li) = {u € WH(A): tUmin(x) < u(x) < Umax(x) a.e. in A}

with Lebesgue-measurable functions min, Umax: A — RU{+o00} are polyhedric so that Assump-
tion 3.32(ii) is satisfied in these prominent cases. We refer to [48] for other examples of polyhedric
sets.
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We now derive the regularity result. Let us first note that due to the convexity of F), the
solution uy of (P)) is characterized by

(329) [I(atuA(t)7atv(t))y + <90X,p (u)\(t) - ﬂ(t)),’[}(t)>X,,X
+ AT oxp(ua(t) = Px(ua(?))), v(t)) 5, 5 dt
= /J(g(t),u(mx,x dt for all v € W (X;Y).

It will be useful to be able to test the equation with Py (uy) for which we need to know that
this is an element of W1-2(X;Y).

Lemma 3.34. The projection Py maps LP(J; X) to itself. Furthermore, given u € WH2(J;Y),
there holds Py (u) € WY2(J;Y) with

(3.30) [0:Py (w)](t) = Py (u(t); Opu(t)) fa.at € J.
Thus, Py maps Wy?(X;Y) to WH2(X;Y).

Proof. Given a function u € LP(J; X), the projected Py (u) is clearly Bochner-measurable by the
required continuity of Py. Moreover, the growth condition immediately gives Py (u) € LP(J; X).

Since it is a projection in the Hilbert space Y, we know that Py is nonexpansive, so globally
Lipschitz-continuous on Y with Lipschitz-constant 1. Now, let u € W12(J;Y) be fixed but
arbitrary. Then it holds for almost all ¢t € J that

u(t+ h) — u(t)
h
Together with the Lipschitz continuity and the directional differentiability of Py (by assumption),
this yields

H Py (u(t 4 h)) — Py (u(t))
h

PO Bu(t) in Y.

— Py (u(t); dpul(t))

Y
< H Py (u(t) + h dpu(t)) — Py (u(t))
- h

— Py (u(t); Oyu(t))

u(t+ h) — u(t) — h Opu(t)
h

Y

— 0 as h\,0.
Y

Moreover, the Lipschitz continuity of Py gives for almost all ¢t € J that

Py (u(t + h)) — Py (u(t))
h

1P (u(t); Do)l = Jim

Y
. fut+h) —u(?)
< _— —
< lim o y [0pu(®)]ly -

Thus, P} (u(-); ;u(-)) is dominated by the L?(.J; Y)-function d;u. As a pointwise limit of Bochner-
measurable functions, it is moreover Bochner-measurable, hence Py (u(-);dpu(-)) € L*(J;Y).
Since Y enjoys the Radon-Nikodym property—as it is a Hilbert space—, the almost everywhere
existence of a “classical” derivative in L?(J;Y) implies Py (u) € WH2(J;Y) as claimed. O

Lemma 3.35. The family (ux)xso is bounded in LP(J; X). Moreover, assume that A 0. Then

ux — Px(uy) = 0 in LP(J; X),

d - P - in LP(J; X).
uy — Py (ux) = 0 in LP(J;Y), o “ y(ua) =0 in L(J; X)
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Proof. By optimality of uy for (Py) and @ € Uyg, we have
1 _
Sl =l = [ (000 00(0)  dt < Pr(w)

_ 1 _ _
< R@) = 5l — [ (o0 0}t = Ca < o0

Since the expression on the left hand side is a coercive function of wy, its boundedness implies
the boundedness of (uy)r>o in LP(J; X). Using again F)(uy) < F)\(@), we therefore find

A ANO
(3.31) HUA - PX(“)\)HZ[),P(J;X) < 9 (FA(UA) + HQHLP’(J;X')HUAHL”(J;X)) — 0.
This immediately gives an estimate of uy — Py (uy) in LP(J;Y):
(3.32) [Jux = Py (ux HLP(J vy S [Jux = Px (ux HLP(J v = Cllux — Px (ux HLP(J x) 0

Due to the boundedness of (ux)x>o in LP(J;X) and the growth condition in Assumption 3.32,
the sequence (ux — Py (ux))x is bounded in LP(J; X) and thus—possibly after passing to a
subsequence—weakly converging. Thanks to (3.32), the weak limit is zero, hence unique and
the whole sequence converges weakly. |

Proposition 3.36. There holds uy — 4 in W;;Z(X; Y) as AN\ 0.
Proof. In (3.29), we choose v = @ — uy, and add this equality to (3.8) tested with Py (uy), that
is,
/J(atﬂ(t),ﬁtpy(u)\(t)) —dyu(t))y — (g(t), Py (ux(t)) — ﬂ(t»x',x dt >0 forallv €Uy, te
Note that Py (uy) € W,?(X;Y) by Lemma 3.34. We obtain
1003 = Brux T2y + 18— urllFo (s,
< HatﬁHm(J;Y)H“)\ Py (ux ||L2(J Y) /J<g(t),u)\(t) - PY(U’A(t))>X’,X d
+ A7t /J<gox’p(u)\(t) = Px(ux(t)), a(t) = Px(ux(t))) y, y dt

Y /<90Xp ux(t) = Px(u(t)), Px (ux(t) — ux(t)) ,,  dt.

The two last terms on the right hand side are non-positive because of @(t) € U,q per assumption,
wx p being odd, and the projection variational inequality (3.17). The two other terms on the
right hand side converge to zero by Lemma 3.35, which then implies u)y — @ in W11;2 (X;Y) as
desired. |
p—1
Lr(J;X)
is bounded. Then duy(t) — 82 in L' (J; X') + L™ (J; (Y, X")p.00) as A\, 0. In particular,

Rae L’ (LX) + L7 (J; (Y, X )y00)
and 6,51_1(T1) = 8,51_1(T0) =0.

Lemma 3.37. Assume that there exists a sequence A \, 0 such that )\_IHuA — PX(u,\)|

Proof. Completely analogously to the proof of Lemma 3.20, we can apply the product rule from
Theorem A.1 to (3.29) to obtain

(3.33) Ffun(t) = —g(t) + oxp(ua(t) —a(t)) + A pxp (ua(t) — Px(ur(1)) in X’

for almost all ¢ € J along with d2uy € L (J;X') + L" (J; (Y, X")y00) and Opun(To) =
dyur(Ty) = 0. Since |lpxp()x = || - |5 ", we see that d?u,(t) is bounded in L¥ (J; X') if
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and only if [juy — ﬂHi;(lJ;X) and A7Y|luy — Px(uy)|[P~! are bounded. Lemma 3.35 shows that
the former is true, and the latter is an assumption for some sequence A \, 0, so we infer that
(82u,(t))» is bounded in LP (J; X') + L™ (J; (Y', X'),).00) for this sequence.

Reflexivity yields a weakly converging subsequence (which we denote by the same name)
Pun(t) — win L' (J; X))+ L7 (J; (Y, X'),). ). Together with Proposition 3.36 (strong conver-
gence uy — @ in Wy?(X;Y)), this implies that, for all ¢ € C2°(J) and all v € X,

/<¢ (t)v, dyu( >Yy, dt = hm/ t)v, dyun(t )>Yy, dt
J

R 2

= )1\1{‘%7 J<¢(t)v,6t 11)\( XX’ /<(J5 v, ’LU X, X’
Hence, w = 9?1 € Lp/(J;X’) + L"/(J; (Y, X")p,00) and we have Oyuy — 0;@ in W2’p Y, X').
Since the point evaluation is continuous from Wy? (Y, X") to (Y, X’) 2 24, this implies more-

2+p’ p
over dyuy(T1) — 9;u(T1) = 0 and 9,ux(To) — 9:u(To) = 0 in the interpolation space. O
We next derive conditions which imply the validity of the assumptions that A~ ||u a—Px (uy || o ( 7:X)
be bounded in Lemma 3.37. Let us first show an auxiliary result:
Lemma 3.38. Let u,h € Y be given. Then it holds
(Py (u; h), Py (us h) — h),, < 0.

Proof. According to Assumption 3.32, Py is directionally differentiable in Y. By [14], the direc-

tional derivative Pj (u;h) € Y of Py at u € Y in direction h € Y is given by the unique solution
0 € Y of the following VI of the second kind:

1 1
(3.34) beKu), (,v—10),+ 3 Mi(usv) — 3 wa(u;6) > (hv—=6)y, VoveK(u),

see also [7, Theorem 1.4.1] and [8]. Here, I, denotes the weak second subderivative of the
indicator functional of U,q w.r.t. the topology in Y, i.e.,

n—oo n

2
I’ (u;v) := inf {liminft(Py(u) — u7vn)Y: tn \ 0, Py(u)+tpv, € Uaq, v, = v in Y} ,

along with the usual convention inf()) = oo, and K(u) is the effective domain of I, (u;-), i.e.,
K(u):={veY : I;(u;v) < co}. In view of the VI characterizing the projection onto U,q in Y,
S0

Py(u) € Usa, (Py(u) —u,v = Py(u)), >0 Yo & Uy,
it is easily seen that I';(u;v) > 0 for all v € Y. This directly implies that I//;(u;0) = 0 (so that
0 € K(u)). Therefore, by testing (3.34) with v = 0, we obtain

1
(0 —h,=8)y 25 ad(u;0) >0
Thanks to 6 = Pj(u; h), this is the assertion. O

We frequently use that ¢x , is an odd function in the following. From Lemma 3.34 we know
that Py (uy) € W)2(X;Y) so that we are allowed to insert uy — Py (ux) as the test function
in (3.29) to obtain together with (3.30) and Lemma 3.38 (with u = uy and h = d;u)) that

(3.35) ||0ru — 9 (Py (u ||L2(J Y)

+)\ /<§0Xp ’U,)\ Px(’u,,\(t))),U)\(t) — Py(U)\(t))>X,7X dt

< [ (00050 = Pt (®)) g + (o (10) = 50). Py 1r(6)) = 0r(0) .
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The definition of Px as a projection operator implies (cf. (3.17)) that
(3.36) <<pX7p(PX(w) — u),v — PX(w)>X, >0 forallveUsg, weX.
Since Py (w) € X by assumption, we may insert v = Py (w) and rearrange to obtain

<<PX7P(P)((UJ) - ’U}), Py(w) - w>X/7X 2 <<pX7P(PX(w) - U}), PX(w) - w>X/_’X = HPX(w) - w”g(
for all w € X. Using this for the second addend on the left hand side of (3.35) and neglecting
the first one, we find

~1
(3.37) [lux — Px (ux HLP(J %)
/<9 ) ux(t) — Py (ux(t >X, + (@xp(ua(t) —a(t)), Py (ux(t)) — ux(t >X,

Using Lemma 3.35, we easily see that the right hand side is bounded. Unfortunately, the power
p on the left hand side is wrong: Lemma 3.37 needs that A~!|juy — Px (u)\)||’£;(1J,X) is bounded,
and due to uy — Px(uy) — 01in LP(J; X) as A N\, 0, we have

A7 H|ux = Px (ux ||LP 7x) S A7 Jux = PX(U}‘)H]Z;(lJ;X) as A N 0.

Hence, an estimate of the right hand side with a factor |Jux — Px (ux)| £»(s,x) seems indispensable.
This we achieve as follows:

Lemma 3.39. Assume that the projection Py is Lipschitz continuous as a mapping on X. Then

limsup X~ [lux = Px ()75 ) < 00

Proof. We estimate the right hand side in (3.37) by
3:37) < (9l (gixcry + lun — ﬂ”ZL;; )H“A — Py (ux ||LP(J X)

Inserting Px (u) and using the assumed Lipschitz continuity of Py in X and that Px (u(t)) € Uag,
we obtain

o P )y < n = Pz P00 = Pen) o
- ||uA—PX oo + 1Py (Px (n)) = Py ()] 1
(1+ L) [Jux — Px (ux HLP(JX)’

where L > 0 is the Lipschitz constant of Py as a mapping on X. This implies the claim by
re-insertion into (3.37) and Lemma 3.35. O

Remark 3.40. We emphasize that the Lipschitz assumption on Py in Lemma 3.39 is strictly
stronger than Assumption 3.32(i) and wvery restrictive. For example, it is in general not satisfied
for Y = L?(A), X = H}(A) and Upq = {u € L*(A): u > 0 a.e. in A}. See Lemma B.1 for an
explicit counterexample for A = (0,1). Nevertheless, there are of course examples where such a
Lipschitz continuity holds, most prominently Y = L?(A), X = L*(A) for some s > 2, and box
constraints U,q, since the projections there agree as we have seen in Remark 3.26. (In this case,
we could also just replace Py (ux(t)) by Px(ux(t)) in (3.35) and be nearly done.)

Summing up, we have just proven the following:

Proposition 3.41. In the setting of Section 3.3.2, suppose in addition that Assumption 3.32(ii)
is satisfied and that Py is Lipschitz continuous on X. Then Assumption 3.27(i) is satisfied.
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Example (continued). We verify the sufficient conditions for Assumption 3.27(i) to hold for the
running example. It was Y = L?(9Q) and X = LP(0Q) with p > 2 and U,q given by box con-
straints with limit functions wmin, Umax € LP(02). As noted in Remark 3.33, Assumption 3.32(ii)
is thus satisfied. Regarding the Lipschitz continuity, as seen in Remark 3.26 the metric projec-
tions onto U,q in X = LP(99) and Y = L?(Q) coincide and are given by the pointwise projections
in R onto [tmin(X), Umax(x)] for almost every z € 9. This makes this projection in particular
Lipschitz continuous, also in LP(9€2). Thus for (Ex-OCP) we can refer to Proposition 3.41 to find
Assumption 3.27(i) to be satisfied.

4. EXAMPLES

We close this work by giving further examples for constellations of spaces U,, and X,Y such
that Theorem 2.9 is applicable, and how to apply the results from §2 in these cases in accordance
with the assumptions in §3.

4.1. Preliminaries. The examples displayed in the following affect evolution equations which
act on a bounded domain Q C R% We suppose d > 2 to avoid particularities in the Sobolev
embeddings and related topics below. In the sequel, we demand for €2 the Lipschitz property
in the spirit of [19, Def. 1.2.1.2], cf. also [31, Ch. 1.1.9, Def. 3]. Note that this class of domains
properly includes strong Lipschitz domains, cf. [31, Ch. 1.1.9, Def. 1] or [19, Def. 1.2.1.2]. Lipschitz
domains have the advantage that they are, on the one hand, fairly general, such that they cover
almost everything what appears in real world applications. On the other hand, function spaces on
Lipschitz domains enjoy many of the properties which are well-known in case of smooth domains.
For the convenience of the reader we recall some basic facts on bounded Lipschitz domains and
on first order Sobolev spaces on these domains which are needed later.

(i) There is a continuous extension operator ¢ : L'(Q) — L'(R?) which also maps L*(f)
continuously into L*(R?) if s € (1,00]. Even more, the restriction of & to W14(Q)
provides a continuous mapping into W1¢(R%) where ¢ € [1, ), cf. [17, p. 165].

(ii) From the first point, one may deduce all the usual Sobolev embeddings for spaces which
include first order derivatives, including compactness properties.

(iii) The set of restrictions of C'°(R?)-functions to € is dense in any space W14(f2) as long
as q € [1,00).

(iv) Using the bi-Lipschitzian boundary charts implied by the definition of Lipschitz domains,
it is not hard to see that the boundary measure o on 0 satisfies the following property:
For any point x € 9Q and any ball B(z, p) around x with radius p € (0, 1), one obtains
the estimate

(4.1) cop? ™t < c(0N B(x,p)) < cptt

for two positive constants cg, ¢1, independent of x and p, compare [16, Ch. 3.3.4C] and [21,
Ch. 3.1].

We proceed to give examples for control spaces U,, and suitable spaces X with integrability
indices p such that the assumptions of Theorem 2.9 and the ones in §3 are satisfied. We concentrate
on the space Y = L2(A) for a suitable set A in these cases, since, as already sketched in the
introduction and in Section 3, it is a central point to take Y as a Hilbert space. In the examples,
we follow the following rough roadmap, given the spatial “target space” U:

(i) identify smooth reflexive spaces X which embed densely into Y and such that there
exists a compact linear operator E € K(X;U),
(ii) determine n € (0,1) such that £ € L((X,Y),1;U)
(iii) give conditions on p € (1, 00) such that Theorem 2.9 is applicable.
The examples which we consider for U are C(Q) in §4.2, L*(2) in §4.3, and W, "%(Q) for both
distributed and boundary control in §4.4. Thereby, examples 1 and 2 in sections 4.2 and 4.3 fit
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in the classical Aubin-Lions setting with the form X «— U < Y, whereas example 3 in §4.4 does
not.

4.2. Example 1: We consider the case U = C(Q), so e.g. U, = C(J;C(Q)) or L>=(J; L>()).
Let us give a brief motivation:

Uniformly continuous functions for i, could for instance occur in a setting of optimal control
of coefficients or parameter identification (inverse problems) for a PDE of the form

Ow(t) = V- u®)Vw(t) = f(t), w(Th) = wo

with f(t) € W, %(Q) for ¢ > d. (The latter could correspond e.g. to inhomogeneous Neumann
boundary data.) The goal is to identify or optimize the coefficient function wu; a lower bound
in the form of a control constraint w(¢,x) > ug > 0 is also natural. Since the equation is
nonautonomous, it will be extremely useful to have constant domains for the differential operator
—V - u(t)V for every t and every feasible choice u € U, with a continuous dependence on ¢,
cf. [39]. From [13, Thm. 6.3] it is known that this is the case for U, = C(J;C(Q)) whenever —A
is an isomorphism between W14(Q) and Wy "(9Q).

See moreover [36,37,40] for examples where the L™ (J; L*°(2)) regularity was needed for
continuity of the control-to-state operator, see also [18] for an example with & = L>°(.J; L>°(09)).

We set up Theorem 2.9 for U = C(2) and ¢ = 0. The obvious smooth and reflexive spaces X
and mappings E € K(X;U) are X = W14(Q) and the associated embeddings W14(Q) < C(Q),
so we have

U=0(Q), X=W"Q) withg>d, Y =L*Q) and E =id.

Of course, X — Y densely. Before we give the result, we need an auxiliary statement which is
a classical one from interpolation theory:

Lemma 4.1 ([46, Lem. 1.10.1]). Let X,Y,Z be Banach spaces with X — Z <= Y, let § € (0,1),
and let for every f € X the following inequality be true:

I£llz < CIAX IS
Then one has the continuous embedding (X,Y )p1 — Z.
Here is the result for this example:
Lemma 4.2. Let ¢ > d and r € [1,00) and set

— 1_
=1

e
=+ |l
vl

(i) Letp > % Then
W2 (Wha(Q), L*(Q)) < L"(J;C(Q)).
ii) Let p > 20-n) — . en
L 2(177—77) qqdd Th
W2 (Whe(Q), L*(Q)) < C(J;C(Q)).

Proof. Let n € (0,1). We have (W4, L%(Q)),1 — (WhH4(Q),L*(Q)),,. for all T € [1,00],
see [46, Ch. 1.3.3]. Moreover, by [46, Ch. 2.4.2, (9)], we know that

1 1-
(Whe(RY), L2RY), = B:, (RY), where ¢=1-n and —=—"+ g
T ) T q
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and B _(R?) denotes the usual Besov space. Moreover, Bs (R?) < C*(R?) if v := ¢ — ¢ > 0,
cf. [46, Ch. 2.8.1]. Together, we obtain (W14(R%), L2(RY)),, , — C%(R?) if

d

l—mn  n _ 1-9
4.2 =1-n—d|—L4+1 — = 4
(42) ) ! ( q 2>>0 e 1-4+3

We employ the extension operator € to transfer the function space relations on R to 2 as follows.
Let 7 satisfy (4.2) and set 7 = (177" + #)~*. Consider u € (W"9(2), L*(Q)),,,. With s =1—17
d

and o = s — 7, we have

Hu”()a(ﬁ) < C”QSUHCQ(RGL) < CHQSUH%/I;Z(R@Hequz(Rd) < CHu”Il/;IT,,Q(Q)Hu”z2(ﬂ)a
where the embedding in the middle follows from (W14(R9), L?(R%)), . — C%(R?) due to the
choice of . From the preceding inequality it follows (W14(Q), L2(Q)),1 < C*(Q2), cf. Lemma 4.1,
and this clearly implies the desired (compact) embedding (W14(2), L3(Q)),1 <= C(%).
It remains to identify p in dependence of r so that n can be chosen such that Theorem 2.9 can

be used. For r € [1,00), thisis L > % — 1. Rearranging yields
2(1—7n

p> 2
2+1r

For the second case, corresponding to » = co, we need to determine p such that n € (Zi—p, 1)
is feasible. From (4.2), this is the case if and only if

d
2 < S — p> .
24p 1-9+94 q—d
The claim follows then by Theorem 2.9. |

Remark 4.3. One actually obtains even an embedding into the space of Hélder continuous
functions in the second case in setting of Lemma 4.2, as one sees from the proof and Theorem 2.9.
We have left out the details for the sake of simplicity at this point.

4.3. Example 2: Let us next consider the most classical case U = L*(f2), so U,, = L"(J; L*(2))
or C(J; L*(2)), with r € [1,00] and s € (2,00). The case s € (1, 2] follows of course via embedding.
This is one of the standard situations in optimal control of PDEs.

In this example, we choose a space of type W14(Q) for X as in Example 1, but require only
1- % + g > 0, because by the Rellich-Kondrachov theorem this is enough to ensure that the
embedding E satisfies X = W14(Q) <« L5(Q) = U. From this it of course also follows that
1-— g + £ > 0 with the analogous meaning X = W19(Q) < L*(2) =Y. So, here we have

U=LQ), X=W"(Q)withg<d, Y=L*Q) and E =id.

Note that we assume ¢ < d in this example, since the reasoning for ¢ > d is already laid out
in Example 1, §4.2, where we had 1 — g > 0 as the supposition on gq.

Lemma 4.4. Let ¢ < d and r € [1,00) and s > 2, and let 1 — g + % > 0. Moreover, set
d_ d
1-444d

= d , d’
1-4+4

B ]

Then we have the following embeddings:

(i) Ifp> 2(21;7ﬁr)r, then

W, (WH(9Q), L*(Q) <= L7 (J; L*(9)).
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(i) Ifp> @, then
W2 (Whi(Q), L*(Q)) < C(J; L*()).

Proof. We use the Gagliardo-Nirenberg inequality [38, Lect. II, Thm.] to obtain the embeddings
on R™. Observe that
1-44+4 d d d
_ _ q s _ _
in=1(s.q) d S = m(q >+n 5
hence by the Gagliardo-Nirenberg inequality,

) < Ol gy 0] gy Tor all we WHaRY),

Employing again the extension operator €, the preceding inequality extends to

lallze ey < 1€l ey < ClEul, o l€ul e 0 < Cllullbyl g lul a0

for all u € WH4(Q), or equivalently, per Lemma 4.1, (Wl’q(Q), L2(Q)s1 < L*().

As in the proof of Lemma 4.2, we next determine the necessary magnitude of p in order to
1 1-7

have = > T" — 1 as required in Theorem 2.9 for the embedding into L"(J; L*((2)). Rearranging
yields again
2(1—n
p> 2D
24 nr
For the embedding into C(J; L*(€2)), in order to obtain 7 > 2+ , we need
d_ d _
d_d 2(1 —
p>2. 2dsd7(777)
1-d44 7

—~

which is as expected exactly the limit of the L"(J; L*(Q)) case as r — oo. With the assumptions
on p, s and g, Theorem 2.9 then gives the assertion. O

Remark 4.5. Asin Remark 4.3, the foregoing lemma in fact yields an embedding into the Holder
space C?(J; L*(€2)) in the second case. Here one calculates directly that the Holder order p is

restricted by o < I — L ’7 for p > 2(1 1)

4.4. Example 3. Let us finally consider negative Sobolev spaces U = W, 1’q(Q), the dual space of
W4 (Q). These can occur for both distributed controls, so functions actually acting on (parts of )
Q, and boundary control, so controls which act only on (parts of) the boundary 9. Both settings,
in particular the latter, are somewhat different in nature than the preceding ones since they take
full advantage of the admissible setting in Theorem 2.9: The spaces Wofl’q(Q) do not embed into
the Hilbert pivot spaces L?(2) or L?(9) at all, so we do not have a classical X — Z < Y type
structure. Also, for the boundary functions, the mapping E is not derived from an embedding,
but from the (non-injective!) trace operator. Generally, the negative Sobolev setting is the other
standard setup for optimal control of PDEs and found in countless contributions.

4.4.1. Distributed control. We begin with the “distributed control” setting, so X = L*(2) and
Y = L?(). Of course, we suppose s > 2. We further consider ¢ > 2% since otherwibe
L2(Q2) — W~14(Q), but exclude ¢ = co. Note that thls implicitly means d > 3. For s >

the Rellich-Kondrachov theorem yields L*(Q) <« W, “%(Q). So, we collect

q+d’

E%E,‘X:L%m“mhs>;%? Y =L*Q) and E=id.

We have the following result:

U =W, " Q) with ¢ >
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d d
Lemma 4.6. Let g > d2_2 and r € [1,00) and s > (J_qu. Set
1,11
= + = — =
—_q d s
"=""1_1
2 s

Then we have the following embeddings:

(i) If p> 2(21_;77_’T)T, then

W22 (L (Q), L2(Q)) < L (J; Wy "(Q)).
(i) If p > @, then
W2 (L5 (Q), L2(Q)) < C(J; Wy “4(Q)).
Proof. Let n € (0,1). From [46, Ch. 1.10.1/3 and Ch. 1.18.4], we obtain
(L (@), L2(@)), | = [L*(2), L2(@)], = L5(©)

with % = an + 5. Hence, (L5(), L2 ()1 — Wo_l’q(Q) via L¢(Q) if ¢ > a1 equivalently,

q+d’
1,1 1
_ _gta—s
/N
2 s
From here, we proceed as in the proof of Lemma 4.4. O

4.4.2. Boundary control. This particular setting is taken from the optimal control of the thermis-
tor problem, cf. [25,32,33] and the running example: The control is acting on (a subset of) the
boundary and thus induces a bounded linear functional on spaces of type Wl’ql(Q). Moreover,
the general setting also includes mixed boundary conditions, which we incorporate for the sake
of generality. Therefore, we introduce the following spaces:

Definition 4.7. Let Q C R? be a Lipschitz domain and let D be a closed subset of €. For q €
[1,00), we define W}59(Q) as the completion of O3 (Q) := {th1q: ¥ € C3°(RY), supp(y) N D = 0}

1

with respect to the norm ¢ +— ([, [¢|? + |[V4|?dx) . The dual space of qu/ () is denoted by
Wp(€).

Now let us assume that U = L (J; W5, "9(Q)) or even U = C(J; W "%(Q)). Again, in view of
Assumption 3.15, U = L"(J; W, 1’q(Q)) for r arbitrarily large is also particularly interesting. In
any case, we choose U = Wl;l’q(Q) and plan to use X = L*(I") for suitable s to be specified below.
We give two auxiliary results for the (adjoint) trace operator, cf. also the running example. The
first one is the main result in [5]; its assumptions are satisfied for our Lipschitz domain setting as
explained in §4.1, in particular (4.1) is important.

Lemma 4.8 ([5]). Let ¢’ € (1,d) and s’ € [1,¢ j:ql,]. Then the trace operator tr maps leq/(Q)

continuously to L* (9Q). If s' € [1, q’;%ql,), then we even have tr € KL(WH?' (Q); L* (9Q)).

We set T := 0Q\ D.

Corollary 4.9. Let g > %

W5, (Q) and even compactly if s > %t

and s € [g45,00]. Then E = tr* maps L*(I') continuously to

Proof. We take the adjoint operator in Lemma 4.8 which gives tr*: L*(9Q) — W~%9(Q) for the
stated ranges of ¢ and s. The claim then follows from L*(I") < L*(92) by extension by zero and

W14(Q) < W, () by restriction to the subspace Wé’q/(Q). O
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Now, let us assume that ¢ > dz—_dl,

WBl’q(Q). Otherwise, the time-extension & of tr* would already map W12(J; L3(T')) compactly
to C(J; WBl’q(Q)). An important case for this setting is ¢ > d = 3, see the running example

throughout the work.
So, we choose

i.e., tr* is mot a compact linear operator from L?(T) to

2d , d—1
U =W,"(Q) with ¢ > 7 X= L*(T) with s > ¢ — Y= L*T) and E =tr*.

By Corollary 4.9 we have E € K(X;U), and the assumptions on s and ¢ imply s > 2 such that
X — Y densely.

Lemma 4.10. Let g > d2—_d1 andr € [1,00) and s > q %. Set

d

1
_ . q(d-1) s
=T 1_1
2 5
Then the time extension £ of the adjoint trace operator E = tr* has the following properties:

(i) If p> 2(21_;;’r)r, then

£ e K(Wy2(Ls(T), LAT)); L7 (J; W5 H1())).
(ii) Ifp> 22 then
&€ K(WL2 (L (1), LX(I)); C(J; Wp ().
Proof. Let ) € (0,1). As in the proof of Lemma 4.6, we obtain
(L*(D), LX), | < [L°(D), LA(T)], = L*()

with 1 = 1= 4+ 2. Hence, tr* maps (L*(T), L*(T))y,1 continuously into W5 () via L<(T) if

S
¢ > q%, or equivalently,

_d 1

_ d—1
n<ni= 4(1 )1 .
27 5

From here, we again proceed as in the proof of Lemma 4.4.
O

Remark 4.11. Asit occurred in the running example, let us point out that at least for the second
case, so formally r = oo, the choice s = p in the foregoing result is valid and yields the—slightly
more reasonable—condition p > %{1) — 2. Of course, in the second case, we also have again an
embedding into a Holder space, cf. Remark 4.3, and this also holds for Lemma 4.6.

Acknowledgments. Hannes Meinlschmidt wants to thank his former host institution TU Darm-
stadt for its support.

APPENDIX A. INTEGRATION BY PARTS
As a foregoing remark, let us note that for 7,¢ € (1, 00), we have

(A1) WY F)N L (J; E) = WET (B, F) < C(J; (B, F)e 1)

where £ = 2(1+2—1)~! and E and F are Banach spaces. This follows from [46, Ch. 1.8.3/1.11.2],

S
see also Lemma 2.7.

=
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Theorem A.1. Let E;, F; be reflexive Banach spaces with E; — F; densely such that E1, ..., Ep,
and F1, ..., Fy, are compatible, and let 7;,5; € (1,00), all fori=1,...,m. Set E =N"E; and

F =" F as wellas WY (E, F) = N, W7 (E;, F;) and Wi}g/ (Fl,E"Y=%", Wif; (F!,E)).
Suppose that w € WET(E, F) and v € Wi’f’(F’,E'). Then for every t € J we have
¢
(A.2) /T <8Su(s),v(s)>F7F, + (u(s), asv(s)>E7E, ds = <u(t)7v(t)>5 - <u(T0),v(T0)>§,
0
where (-, -)¢ denotes the duality pairing between the spaces MLy (E;, Fy)e, L and Y i~ (B, Fz)é o
7& g,
: _ 1 1 1y-1
’wlthgi—?i(l—F?i—a) .
Proof. We fall back to the fundamental theorem of calculus. Let us recall from (A.1) that

i i

WL (E;, Fy) <= C(J; (Esz‘)gi%) and Wi}gg (F},E;) = C(J; (F;,El)lfgi,#%

and (F, B});_¢, 1 = (B, F)e, 2 = (B, Fi); 1. Thus,

HT=g, i’ T—g, 51&%

W (B, F) & C(J; G(Ei,Fi)gi’ ) )

€

i=1
and
W ELE) o (5 By g ).
Accordingly, -
(A-3) (u,0) = [t (u(t), v(t)e — (u(To), v(To))e]

is continuous as a mapping from W7 (E, F) x Wi’,gl (F',E") to C(J). Clearly,
(u,v) = (Bru(t), v(t)) p.pr + (u(t), Oro(t)) &,

maps WI7T(E, F) x Wif’(F’, E’) continuously into L'(J), hence

¢
(A.4) (u,v) = [t = . (Bsu(s),v(5)) p v + (uls), 850(s)) py 5, ds]

0
is also a continuous mapping from W7 (E, F) x Wi’fl(F’, E’) to C(J).

Due to the dense embeddings F;, — (E;, Fi)¢cp — F; and F] — (F],E})¢, — E’ for all
¢ €(0,1) and all p € [1, 00], the dual pairing (u(t), v(t))¢ coincides with (u(t),v(t)) g, if u(t) € £
and v(t) € F’ ([2, Prop. V.1.4.8]). Thus, one calculates for u € C'(J) ® E and v € C*(J) @ F’
that

O [t (u(), (1)) ] = (Ouu(t), v(O) . + (ult). O0(1))
for all ¢t € J, and hence, by the fundamental theorem of calculus,
t

<u(t),v(7f)>5 — <u(To),v(T0)>5 = / <33u(5),v(s)>F7F, + <u(s), 8SU(S)>E,E’ ds

To
forallu € CY(J)® E and v € C*(J)® F'. But C*(J)® E and C'(J) ® F' are dense in C*(J; E)
and C*(J; F'), which in turn are dense in W27 (E, F) and Wi’f/(F’, E’) ([2, Thm. V.2.4.6]), and
we had already noted that both sides of the preceding equation, seen as continuous functions in
t, depend continuously w.r.t. to the sup-norm on (u,v) € WL (E, F) x Wi’f/(F’,E’), cf. (A.3)
and (A.4). From this, (A.2) follows. O
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APPENDIX B. NON-LIPSCHITZ PROJECTION COUNTEREXAMPLE

Lemma B.1. Let A = (0,1) and Usq = {u € L*(A): u > 0 a.e. in A}. Then the projection
Ppz2py onto Uaq in L*(A) is not locally Lipschitz continuous on Hj(A).

Proof. Consider an equidistant decomposition of A = (0,1) in N € N subintervals of length 1/N
with N even. Let € > 0 be given. We consider the sawtooth functions
eN(x—1i/N) for x € [i/N, (i + 1)/N), i €{0,...,N — 2} even,

vi(x) = e—eN(x—i/N) forxe [i/N,(i+1)/N), i€{1,..,N—1} odd

and

0 for x € [0,1/N),

—eN(x —i/N) for x € [i/N,(i+1)/N), i € {1,...,N — 3} odd,

val) = —e+eN(x—i/N) forxe [i/N,(i+1)/N), i€ {2,..,N —2} even,

0 for x € [(N —1)/N,1).

The projection on U,q in L?(A) is given by
Prapy(v)(x) = max{v(x),0} fa.a. xeA.

Note that v; € Uag, v2(x) = v1(x) — € for x € [I/N, (N —1)/N], and Pr2(y)(v2) = 0. Thus, we
have

1/N 1
[V Paeny(o0) = Vs (02 agny = IV oy = N [ el s = 32
0

)
and

21
N3°
This implies that Pr2() is even not locally Lipschitz continuous in H}(A). To see this, assume

the contrary that there are constants d, L > 0 such that
HVPLz(A)(Ul)—VPLz(A <LHV’U1 VUHLZ(A

1/N
[ Vor —wgﬂizm) :2/ leN x|* dx = 2.
0

M z2a)

for all v € Hg(A) with [[v —v1 gz (a) < 9. Then we choose N > L/2 and ¢ < 1/(20)/(3N) and
obtain [lva — v1| g (a) <, but

[V Praay(vi) = VPpaa) (v HL2(A) > L|[Vor - VU?Hm(/\)’

which is the desired contradiction. O
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