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ABSTRACT. In this paper we establish Holder estimates for solutions to non-
autonomous parabolic equations on non-smooth domains which are comple-
mented with mixed boundary conditions. The corresponding elliptic operators
are of divergence type, the coefficient matrix of which depends only measurably
on time. These results are in the tradition of the classical book of Ladyshen-
skaya et al. [40], which also serves as the starting point for our investigations.

1. Introduction. Parabolic equations are one of the most common features when
modelling phenomena in science and engineering, see [2] and [12]. One of the main
problems, however, is that the input to the equations is very often (highly) non-
smooth: the corresponding domains are not smooth (often they are not even strong
Lipschitz domains), the coefficient functions are definitely discontinuous, and the
boundary conditions are mixed: on one part D of the boundary Dirichlet conditions
are imposed, while on the complement N Neumann- or Robin conditions hold. In
the meantime these phenomena are also well investigated — as long as the coeffi-
cients do not depend explicitly on time, see [36], [33], [35] and [6]. In this paper
we intend to investigate non-autonomous equations which incorporate all the phe-
nomena described above with the central aim being Holder estimates. This is also
classical ever since the monography [40], as long as mixed boundary conditions are
not considered.

Unfortunately, those investigations contain — in their generality — some pecu-
liarities which make it not easy to apply them to problems originating from the
applications: First, the Holder spaces under consideration, see [40, pg. 7], are not
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the classical ones — the oscillation of the function is only measured over the con-
nected components of the intersection of the domain with suitable balls (what is
indeed adequate in case of general Dirichlet boundary data). Secondly, the esti-
mates affect distributional right hand sides which are represented as the (spatial)
divergence of vector-valued LP-functions. As is well-known, such representations
are highly non-unique; in particular the zero-functional may be represented as the
divergence of a non-zero vector valued function. Lastly, it is not quite clear how
broad the admissable geometric setting really is: on one hand “piecewise C'” is
demanded, on the other the crucial “Condition A” ([40, pg. 9], compare also [39,
Ch. I1.B, Definition B.3]) — well-known from elliptic theory — comes into play.
Our intention is to deliver a text which

e clearly defines the underlying geometric concept for the domain 2 — thereby
avoiding “Condition A”,

e incorporates mixed boundary conditions within an appropriately defined frame
work,

e allows for right hand sides from L*(]Ty, T1], W[_)l’q (Q)) (for a precise definition,
see Definition 2.6),

e avoids a global Lipschitz condition for Q2 — at least insofar the Dirichlet bound-
ary part D is concerned, compare also [26],

e gives a result in the formulation of classical Holder spaces.

The paper is organized as follows: In the next chapter we first introduce some
terminology and our geometrical assumptions on the domain 2 and the Dirichlet
boundary part D. Then, as a starting point, we quote the classical result on the
existence and uniqueness of solutions for non-autonomous parabolic equations in a
Hilbert spaces setting, namely the right-hand side f being taken from L?(J;V*)
yielding solutions from L?(J; V)N WY2(J; V*), where V < H < V* is a Gelfand
triplet. Afterwards the main result is announced, cf. Theorem 2.13. In Ch. 3
we give the proof of this theorem, starting with the quotation of several classical
results from the book [40]. The idea is to take these in a setting — namely the
half cube and the ball and homogeneous Dirichlet boundary conditions — where the
inherent technical difficulties are still not appearing: here it is clear that the general
suppositions on the domain posed in [40] are fulfilled and, concerning the results,
falls back to the classical Holder spaces. After establishing some preliminaries in
Ch. 3.2, in Ch. 3.3 we establish permanence principles, such as localization of the
equation, bi-Lipschitz transformations and reflection which allow us to treat the
problems in the geometric setting established above. This results in problems of
the same complexity as before on a half-cube or a cube, respectively. Now employing
the classical Ladyshenskaya results, one is enabled to deduce the required Holder
results for the solution in space and time. Here the homogeneous Dirichlet condition
allows us establish global Holder continuity from the known Holder continuity on
the connected components of the intersection of {2 with suitable domains.

Up to this point, the considerations are restricted to initial value zero and, as
mentioned before, homogeneous Dirichlet conditions. In Ch. 4 we deviate from this
and admit nonzero initial values together with inhomogeneous Dirichlet data. Since
one can show (cf. Theorem 4.3) that in our geometric setting the Dirichlet boundary
part D is a (n—1)-set in the sense of Jonsson/Wallin [38], one may apply their deep
restriction/extension results for Sobolev spaces. This allows again to prove Holder
regularity for the solution in space and time also in the inhomogeneous case. In
Ch. 5 we give a typical application of the Holder result by proving global existence
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and uniqueness for a corresponding nonlinear problem, whereas in Ch. 6, a link to
optimal control theory is established. We end with some concluding remarks.

2. The result.

2.1. Notations, general assumptions. In this paper the symbol J always stands
for the time interval [Ty, T1[, which we assume as fixed. The roman letters x,y,z
are reserved for points in R™ (n > 1), whereas the actual components of x will
be denoted by italics L1, L2505 T For our model constellations, we define the
n-dimensional unit cube K := {x [X[loc < 1}, whereas by K we denote the strictly
“lower” half cube K N {x: x, < 0}. The upper plate of K is called ¥ = Kn
{x: z, =0} and Xy is the “left half” of ¥, i.e., ¥g =X N{x: 2,1 < 0}. Finally,
by H,—_1 we denote the (n — 1)-dimensional Hausdorff measure, cf. [18, Ch. 2].

Definition 2.1. The symbol M, denotes the set of real n X m-matrices, and
M, (Ko, k1) stands for all matrices g from M,, which satisfy the condition

n
rollzl®> < D 0ijzizi < mallzll?, 2= (21,...,2) €RY, (2.1)
i,j=1
for some kg, k1 > 0. We denote the set of measurable mappings u : J x Q — M, (in
the sequel usually identified with the mapping J 3 ¢ — pu(t,-)) taking their values
in the set M, (Ko, k1) by My (Ko, 1) in all what follows.

Moreover, throughout this article the following is supposed to hold.

Assumption 2.2. e O CR"™ is a bounded domain and D (Dirichlet) is a closed
subset of OQ (which may be empty). In all what follows, 9Q\ D will be denoted
by N (Neumann).

o The coefficient function u belongs to M., (ko, k1) for some fized ko, K1 > 0.

Remark 2.3. Concerning the notions “Lipschitz domain” and “domain with Lips-
chitz boundary” (synonymous: strong Lipschitz domain) we follow the terminology
of Grisvard [27, Ch. 1.2], see also [41, Ch. 1.1.9] and Figure 2.1.

Let us introduce the basic assumption on {2 and D which will define our ge-
ometrical framework and which is of fundamental importance in the sequel, cf.
Figure 2.1.

FIGURE 1. The figure shows (locally) an admissable geometric con-
stellation around a Dirichlet point — here violating the Lipschitz
condition of the domain.
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Assumption 2.4. I) Ifx € (02 \ N), there is a domain Uy, =: U with x € U,

1)

1)

such that U NN = O and U N Q has only finitely many connected compo-
nents Vi,..., Vi, where x is a limit point of each V;. Moreover, for every
Jj € {1,...,k}, there exists a number 7; > 0, an open neighbourhood U,
of x satisfying V; C U; C U, and a bi-Lipschitz mapping ¢;, defined on
an open neighbourhood of U; into R™, such that ¢;(x) = 0, ¢;(U;) = Tjk,
¢;(Vj) = 7, K and ¢;(0V; NU;) = 7,3

For each point x € N there is an open neighbourhood Uy =: U of x, a number
7% =: 7 > 0 and a bi-Lipschitz mapping ¢x =: ¢ from an open neighbourhood
of U into R™, such that ¢(x) = 0 € R", ¢(U) = 7K, (UNQ) = 7K and
p(0QNU) =7%.

a) If x € N, then U does not intersect D, i.e., p(DNU) = (.

b) Ifx € NN D, then (DNU) = 73.

Each of the occurring mappings ¢ is, in addition, volume-preserving.

~
N

F1GURE 2. The — topologically regularized — double beam is the
the prototype of a domain which is Lipschitzian, but not strongly
Lipschitzian. Moreover, a boundary chart around the point a may
be constructed also as a volume-preserving one, cf. [33, Ch. 7].

Remark 2.5. i) Primarily, Assumption 2.4 gives a typology of boundary points

ii)

iii)

of Q in the following sense: I) sets the conditions for points from the relative in-
terior of the Dirichlet part, while ITa) is a condition for the Neumann boundary
points and IIb) gives a condition for points from the border between Dirichlet
and Neumann boundary part. In fact, this latter condition goes back to the
paper of Groger [28]. A simplifying topological characterization of Groger’s
condition in case of space dimensions n = 2 and n = 3 is given in [32, Ch. 5].

Note that Assumption 2.4 I) in particular demands that every connected com-
ponent V; of U N satisfies the assumptions for the Dirichlet boundary part of
a Lipschitz domain on its own. Setting V := U NQ in II), we find 0V NU =
oQNU)NU = 00 NU, which is the analogue to 0V; N U; in I) and shows
compatibility of the conditions on the mappings on 7% in I) and II).

The inclusions dV; C V; C U; imply the disjoint union 0V; = (9V; N U;) U
(0V; N oU;). Thus, 0V; NU; is the relevant part of 9V;. Moreover, it is
indeed not really necessary to demand the properties ¢(U N 0Q) = 75 and
¢j(0V; NU;) = 7;5 — they follow from the other ones by purely topological
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reasons. We have added them only to be at this point more suggestive, see also
the previous item of this remark.

iv) In particular, all domains with Lipschitz boundary (strong Lipschitz domains)
admit bi-Lipschitzian boundary charts which are volume preserving: if, after a
shift and an orthogonal transformation, the domain lies locally beyond a graph
of a Lipschitz function v, one defines

O(x1,... xn) = (x1 — (T2, ..., Tpn), T2y ., Tp)-

This way, the mapping ¢ obviously is bi-Lipschitz and the determinant of its
Jacobian is identically 1.

v) Note that the additional property volume-preserving also has been required in
several similar contexts (see [25] and [29]). It turns out that the property bi-
Lipschitz together with volume-preserving is not a too restrictive condition. In
particular, there are bi-Lipschitzian, volume-preserving mappings — although
not easy to construct — which map the ball onto the cylinder, the ball onto the
cube and the ball onto the half ball, see [24], see also [19]. The general message
is that this class of transformations has enough flexibility to map “non-smooth”
objects onto smooth ones.

In the following, all considered space are real ones.

Definition 2.6. Let A be a bounded open set, and let F' be a closed part of JA.
For 1 < g < oo we define W};’q (A) as the closure of

Cr(A) == {¢ls : ¥ € C5°(R™), supp(y) N F = 0} (2.2)
in the real Sobolev space W4(A). If F = A, then we write Wy(A) = W5 (A) =
Wy (A).

If A is a Lipschitz domain and F = (), then W}%(A) equals the usual Sobolev

space W14(A). The latter follows from the fact that, for Lipschitz domains, the set
Ci°(A) is dense in WH9(A), cf. [27, Thm. 1.4.2.1]. The space W5 (A) is defined

as the space of continuous linear forms on W}’q/ (A) for 1/g+1/¢ =1.

Definition 2.7. For O C R™ and & € ]0, 1], following [4, Ch. II.1.1], we define the
Holder space C*(O) as follows:

C*(0) = {z/; : 1 is a bounded function on O, sup w < oo}
x,y€O x#y HX - y”
with the norm
P(x) — Py
[Wllco) = ¥llco) + Wheo = sup [w(a)] + sup LIV,
xXEO X,y €O x#£y ”X - YH
We call | - |0 the Hélder seminorm.
Remark 2.8. i) It is clear that any function ¢ from C*(O) is necessarily uni-

formly continuous. Therefore, it admits a (uniquely determined) uniformly
continuous extension 1 to the closure O, for which [¢],.0 = |¢|. 5 and thus
[¥llcx o) = [1¥]low (@) holds.

ii) If O C R™ is an open set, the condition of boundedness may be replaced by
only essential boundedness.
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iii) If O is bounded, then it suffices to have sup, ;e o< |x—y|/<e Wﬁﬁ%}w for one
€ > 0 under control in order to show Holder continuity. Namely, one has for
X,y € O with [[x—y|| > ¢ the trivial estimate [)(x) =t (y)| < 2 sup [¢|||x—y]|*.

iv) The reader should carefully notice that in [40, Ch. I1.1] there are two notions
of Hélder continuity in use, one coinciding with ours.

Furthermore, for the sake of clarity, we will write (-,-)x for the dual pairing of
elements of X and its dual X’. For a (vector-valued) function u, defined on J, we
denote by v its derivative in the sense of vector valued distributions, cf. [4, Ch.
III.1] and define

Whs(J; X) = {v:v,0 € L°(J; X)}.
The symbol V always stands for the spatial gradient — even if the corresponding
function depends on space and time.

Definition 2.9. Let A be a bounded domain, and let FF C OA be closed. Let
p: A — M, be a bounded Lebesgue-measurable function. Then we define —V -
pV 4+ 1: Wi (A) — Wi 2(A) by

(=V-pV + 1)1, 0) 2y = /pr Vo+vpds, 1,0 Wgi(A). (23)

We maintain the notation of the operator when the range space is restricted to
Wg LAY for ¢ > 2. By Holder’s inquality, the domain of this restricted operator
always contains the space W},’q(A) D C¥(A). For a bounded measurable function
o:Jx A — M,, we write A(c) for the operator defined by (A(o)u)(t) = =V -
o(t, )Vu(t) + u(t) for u € L*(J;WS53(Q)), taking its values in L2(J; W, 2(Q)),
with the analogous restriction conventions for the spatial operator as for the time-
independent case.

2.2. Formulation of the main result. In order to establish the frame in which
our main result can be formulated, we quote the following classical result, cf. [12,
Ch. XVIII.3 and XVIII.4.2].

Proposition 2.10. Suppose that V — H < V' is a Gelfand triplet of real Hilbert
spaces with dense embeddings. Let {a;}icy be a family of bilinear forms on V the
norms of which are uniformly bounded and such that each a; is coercive with a
coercivity constant », also uniformly in t € J. Suppose that the mapping J >t —
ar (1, p) is measurable for all 1,0 € V. Then, for any f € L*(J; V'), there is a
unique u =uy € L*(J; V)N WY2(J; V') such that u(Ty) = 0 and

(W' @), V)v +ac(ut),¥) = (f{t).¥)v, YeV (2.4)
holds true for almost all t € J. Moreover, u admits the following estimates:
1 1
lullzzcrvy < —lfllezrvnys Nelle@im < 4 I lz2v)- (2.5)

Thus, the mapping which assigns to the right hand side f € L*(J; V') the solution u
of (2.4) with initial value u(Ty) = 0 is well-defined and continuous from L*(J; V')

into L*(J; V)N C(J; H), and its norm is not larger than L + \/I

Remark 2.11. Defining, for ¢ € J, the operator A(t) : V. — V' by
<A(t)w7 ¢>V = at(w7w)a ’U},’(/J € ‘/a (26)
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equation (2.4) reads as

(W'(t), ¥)v + (A)u(t), )y = (f(t), )v, Yy €V (2.7)

for almost almost all t € J.

In the following considerations using Proposition 2.10, the spaces WI}J2 (A) always
play the role of V| and the form a; will be of type

WE2(A) x WE2(A) 5 (4, ) o /A o(t, )V - Vo + v dx (2.8)

for some bounded coefficient function o : J x A — M,,. Clearly, the resulting
operator A(t) is then the corresponding divergence operator —V - o(¢,-)V + 1 on
Wx2(A). Note that, vice-versa, —V - o(t,-)V + 1 also induces a family of forms a;
on WE(A) x WE2(A).

Remark 2.12. Let us point out that the following considerations may also be
carried out for the operators —V-o(t, )V alone, if H,,_1(F') # 0. The corresponding
form (as in (2.8)) is then, via the Poincaré-inequality, still coercive on W2 (A) (see
[6, Rem. 3.4] for the Poincaré-inequality, see also Theorem 4.3), while the rest of
the considerations remains untouched in its essence.

The subsequent theorem contains the main result of this paper.

Theorem 2.13. Assume that Q and D are given and fulfil Assumption 2.4, and
let u € My, (Ko, k1) for some kg, k1 > 0. Let ¢ > n and s > 2(1 — %)_1 be fized and

feLs(J;Wo Q). Then the solution u = us of the equation
u'(t) = V- p(t, ) Vu(t) + u(t) = f(t), w(Tp) =0 (2.9)
in the sense of Proposition 2.10/Remark 2.11 exists and is unique. Moreover, let
B denote the unit ball in L*(J; W5 "4(Q)). Then the following holds true:
i) The supremum sup ;ce ||ty Lo (1x0) i finite and depends only on ko, k1,q and
s.
ii) There is an a > 0, such that even supco |lufllce(sxq) is finite and depends
exclusively on ko, k1,q and s. In other words: Let (0 + A(u))~! denote the

linear operator which assigns to the right-hand side of the parabolic equation
in (2.9) the solution u = uy with initial value uo = 0. Then the mapping

(8 4+ A(p)) " L3(J; W5 b)) = C(T x Q) (2.10)

is well-defined and continuous for some «. For fized ko, k1, the mappings (2.10)
are equicontinuous for all coefficient functions p € My, (Ko, K1).

Remark 2.14. It is straight-forward to check that for ¢,s > 2, L*(J; WBl’q(Q))
continuously injects into L?(J; WBLZ(Q)) with embedding constant |Q|q2;q2 |J] £
In this sense, right-hand sides f from L*(J; WBI’Q(Q)) are implicitly always to be
understood as right-hand sides from L2(J; W, "*(Q)) without further comment in
the sequel.

3. The proof. Let us give the proof of Theorem 2.13. We first collect some clas-
sical results of Ladyzhenskaya et al. [40] adopted for our cause. The basis of our
considerations will be Corollaries 3.5 and 3.7 which are based on space-time lo-
cal estimates for so-called generalized solutions of corresponding equations in [40,
Ch. III]. However, in order to use those, we invest quite some work and introduce a
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non-trivial localization-procedure for (2.9) which allows to transform the localized
equation onto a very regular object, namely the lower half-cubes 7K and (via re-
flection) the full cubes 7K in such a way that the resulting equation still provides
a generalized equation in the sense of Ladyzhenskaya.

3.1. Classical results. We begin by introducing the notion of a generalized equa-
tion. The crucial link to the concept of Lions is the space V21’0(J x E) introduced in
the next definition, which corresponds to the spaces L?(J; V) N C(J; H) in Propo-
sition 2.10.

Definition 3.1. Let = C R™ be a bounded Lipschitz domain.

i) Let V,"°(J x 2) be the space L2(J; WH2(2)) N C(J; L%(Z)), equipped with the

norm
1/2
v = sup |[v(t, )| L2(=) / / o(t,")? + |Vol(t, ~)|2dxdt)
teJ
ii) Suppose that f = (fo,fl,...,fn) € L2(J; L2(Z;R™) ~ L2(J x Z;R"*+1). We
say that a function u € V2 (J x =) is a generalized solution of the equation

"9 B "~ 0
u — Z aw(ﬂijaaji)+uzz(,9:j€+foa (3.1)
1 % k=1

VA

if for every 9 € WO1 ’2(J x 2) it holds for almost all T' € J the integral identity

0:/ u(T, %)V Txdx—/ /u—dxdt+/T / Zuwau 0
+/TO/Equdt—/TO /Ef0ﬂ+sz7dxdt

We denote the right-hand side in (3.2) by D(u, 9, T') for later reference. Finally,
we say that u € V,°(J x E) is a generalized solution of the equation (3.1) with
initial value ug = 0, if the integral identity (3.2) is satisfied even for all functions
9 e W32 _(J x ).

(3.2)

Remark 3.2. Integrating the term f;{; f_ UPy U dxdt formally by parts with respect
to time, the term fﬁ (To, x)¥(Ty, x) dx appears, which is not compensated by other
terms in (3.2). Thus, if test functions ¥ are admitted which are nonzero on {Tp} x E,
such as those from lefaa(‘] x =), this enforces u(Tp,-) to be the zero function —
on a formal level.

The next results are in their essence space-time local estimates for generalized
solutions if the right-hand side in (3.1) is regular enough. However, for initial value
0 we may re-obtain the estimates for the whole time interval J, see Corollaries 3.5
and 3.7.

Proposition 3.3. [40, Ch. III, Thm. 8.1] Let & C R" be a bounded Lipschitz
domain, and let p be from My, (Ko, k1). Fiz ¢ > n and s > 2(1 — %)*1. Let the set
F be given such that

FC{fe L*(J; LIE;R"M)) : @rn+1)) < C}, (3.3)
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for some C > 0. Moreover, assume that for every f € F a generalized solution
u = us of (3.1) exists and {u; : f € F} is contained in a ball around 0 in V2 (I xE)
with radius rv .

i) Let =9 C E be a subdomain which has a positive distance d < Ty — Ty to O=.
Then supse 7 sl Lo (11 +d,11 [x=0) 18 finite, and depends only on n, ko, k1, Tv,
d, q, s and C, cf. (2.1).

ii) Let F be a closed part of 0= and let all us belong to the space L?(J; W};2(E))
If a subdomain =y of E has a positive distance d < Ty — Ty to IE\ F, then also
supje r usll Lo 070 +d, 1 [x=0) S finite, and depends only on n, ko, k1, Tv, d, g,
s and C.

Remark 3.4. For Lipschitz domains = the usual trace operator tr : Wh2(Z) —
L?(0Z;H,—1) exists and is continuous, cf. [34, Ch. 3.1]. Hence, if F is any closed
subset of 02, then the mapping W12(Z) 3 ¢ — try)|p € L*(F;H,_1) also is
well-defined and continuous. Moreover, it is clear that any function ¢ € W}Q(E)
has trace 0 on F, since this is obviously true for all functions ¢ € Cg(Z). This
shows that, for any function w € L?(J; W4*(E)), the function J 3 t — tr(w(t,-))|r
belongs to L2(J; L?(F,Hp—1)) ~ L*(J x F;dt ® H,—1) and is negligible on J x F
with respect to the measure dt @ H,,_;. Namely, if w € L?(J; W}Q(E)), then, for
almost every ¢t € J, the function tr(w(t,-))|r is a negligible one on F' (with respect
to the Hausdorff measure H4_1). In fact, this is the link to the suppositions in [40,
Ch. III, Thm. 8.1].

Corollary 3.5. Suppose the general conditions of Proposition 3.3 and consider the
case of initial value 0 for the generalized solutions.

i) Let 29 C E be a subdomain which has a positive distance d to OZ. Then for the
generalized solutions uy, the supremum sup;e r [[us| Lo (1, 1 [x=0) 5 finite and
depends only on n, Ko, k1, Tv, d, ¢, s and C, cf. (2.1) and (3.3).

ii) Let F be a closed part of OZ and let all us belong to the space L*(J; W};’Q =). If
a subdomain ¢ has a positive distance d to OZ\F then sup;e x ||l Lo (11,11 [x=0)
is finite and depends only on n, ko, k1, v, d, q, s and C'.

Proof. One associates to the problem (3.1) another one on the interval Jy :=]Tp —
d—1,Ty[ in the following manner: one defines a coefficient function fi on Jy x E by

Kotk iq if ¢
it x) = Lid i € Jo\ J,
w(t,x) else.

Moreover, one defines a new right-hand side f as 0 on Jy \ J and as f on J and finds
the solution @ on Jy x 2 with u(Tp —d—1) = 0. This solution @ is zero on (Jo\J) x 2
and coincides with w on J x Z. Applying Proposition 3.3 i) to the function @ one
gets 1). Point ii) is deduced analogously from ii) of the foregoing Proposition. [

Proposition 3.6. [40, Ch. III, Thm. 10.1] Let = C R™ be a bounded, convex domain
(and, hence, a Lipschitz domain), and suppose u € My (ko,k1). Fiz ¢ > n and
s> 2(1— %)_1. Assume that F is again a subset of the set in (3.3), such that
for every | € F a generalized solution u = u; of (3.1) exists and that this set of
generalized solutions is contained in a ball around 0 in L*°(J x Z) with radius e .
Then there is an o > 0 such that the following is true:
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i) For every subdomain Ey C Z having a positive distance d € 10, Ty — Ty to the
boundary O, supser |usllca(ry+d. 1) (x=,) 18 finite and depends only on n, ko,
K1, Toos d, q, s and C, ¢f. (2.1) and (3.3).

it) Let F' be a closed part of 02 and suppose that all us belong to the space
L?(J; W}Q(E)) If a subdomain Z¢y of = has a positive distance d €]0,T; — Tp|
to OE\ F, then the supremum sup;e r ||usl|co (1, +d.11 [xZ0) i finite and depends
only on n, kg, K1, Teo, d, q, s and C.

Corollary 3.7. Suppose the assumptions of Proposition 3.0 to hold and assume,
additionally, that the initial value ug of the solution is zero. Then there is an o > 0
such that the following is true:

i) For every subdomain Zg C Z having a positive distance d to the boundary 0=,
supse r |lugllco (10,11 (xZ0) 8 finite and depends only on n, ko, K1, Teo, d, q, $
and C, cf. (2.1) and (3.3).

ii) Let F' be a closed part of 02 and suppose that each us belongs to the space
L2(J; W}Q(E)) Then, for any subdomain Zg with a positive distance d to
0=\ F, supje r lusl|l oo 11y, 11 [x20) % finite and depends only on n, ko, K1, Too,
d, q, s and C.

The proof works analogously to the one of Corollary 3.5.

Remark 3.8. In fact, the quoted result holds for much more general domains as
convex ones. However, we have good reasons to restrict ourselves to this case:

e If = is convex and B C R"™ is a ball, then =N B is still convex and therefore
always consists of only one component. Thus, one may deal with the classical
notion of Holder continuity — and not of the much more sophisticated one
in [40, Ch. I

e Secondly, if = is convex, then every point x € 0= admits a supporting hy-
perplane such that Z lies on one side of this hyperplane. Thus, for any ball
B C R" with center x, the intersection =N B has at most half the measure of
B, what makes the crucial “Condition A” ([40, Ch. 1, p.9]) obviously fulfilled

in our context, with the constant 6, = + — universal for all convex domains

2
and all balls.

e We will need the result only in case of balls, cubes and half cubes, serving as
our local model sets.

The next proposition establishes the link between generalized solutions and solu-
tions in the sense of Proposition 2.10. For doing so, we restrict ourselves to the case
of right hand sides which are step functions in time only (these being dense in the
whole space under consideration). The reason is as follows: By a classical theorem,
the elements f from W, 1"q(Q) may be represented as the sum of the divergence of
a R™-valued function f € L9 and f itself. The problem is that this representation is
highly non-unique and, the worse, not obviously linear. So we preferred to restrict
ourselves to step functions and to use the corresponding representation theorem
separately on any of the constancy intervals only.

Proposition 3.9. Let = C R™ be a bounded Lipschitz domain, and F be a closed
portion of the boundary 0=Z. Put V = W}’Q(E), H = L*(Z), such that V' =
W;LQ(E), Let a bounded, elliptic coefficient function o on J X ZE be given and put
t(,0) = [co(t, )V - Vo + Yedx for ¢, ¢ € W}Q(E) Fiz q,s > 2. Assume
that f € L*(J; Wy "%(Z)) is a step function, i.e., there exists a partition (Ji)y, of J
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such that f =", Xifr for fi € W;l"q(E) - Xk being the indicator function of the
interval Jy,.

i) For every k, there is fx = (fr.0,---,fkmn) € LY(Z;R"Y) such that fi is repre-
sented by

(fis ) Pl (=) /fk 0P — Zf}c,ga dx, ¢eWgp’ (=) (3.4)

and with ||| Lazrnt1y < 2||fk||W;1,q(E). Setting f = >, X, fk. this conse-
quently implies

:'.R'rL+1)) S 2Hf||L3(J;WF71’q(E)).

it) The solution with initial value 0 of (2.4)/(2.7), there taking the forms t; and
right-hand side f, is a generalized solution of (3.1) with f = >, xJ.fr and

uw=o.
A proof of this is given in the Appendix.

3.2. Preliminaries. One of the main technical ingredients of our proof is a certain
localization procedure of the equation (2.9). In contrast to [28] and many following
papers it is not carried out by multiplying the solution with suitable cut-off functions
and afterwards deriving a corresponding equation for the product. We only restrict
the function to open subsets of the domain and deduce a corresponding equation for
this restriction — in an adequate weak formulation. In fact, this idea was developed
in [17] for elliptic problems.

The following lemmata allow us in the sequel to perform this in an appropriate
manner. The first lemma covers the cases of neighbourhoods of interior points of {2
and from the Neumann boundary (i.e., satisfying case IT) of Assumption 2.4).

Lemma 3.10. Let Q C R™ be a domain and D C 9 be a relatively closed subset.
Let U CR™ be open. Set A:=UNQN, S:=NNU and E:=0A\ S.
i) Then S is open in OA and E is closed.
i) Let p € [1,00). Then there exists a unique isometric map €y : WyP(A) —
WEP(Q) such that €yw is the extension of w to Q by 0 for all w € CF(A).
iii) Set R:= DNU. Then R C OA and R C DN E. Moreover, u|x € W}%’p(/\), if
u € WHP(Q). Thus, the restriction operator from W5P(Q) is a continuous one
into W}%"p(A) with norm not larger than 1.

Proof. For i) and ii), see [17, Lem. 6.13].

iii) Observe that DNU C 9Q NU C OA. Since OA is closed, this gives R C JA.
On the other hand, R = DNU C D = D, since D is closed. From the relations
DNU COAand UNDNS =UN (DN O\ D)) =0 we obtain DNU C E
what implies R C E, thanks to the closedness of E. Hence, if u € CF (), then
the restriction u|y belongs to CZ(A) with the obvious estimate ||u[allwira) =
||U|A||W11%'p(A) < HU'HWLI;I’(Q) = [lullwrr ). ]

In case I) in Assumption 2.4 the local model set is allowed to be disconnected.
Nevertheless, one can also in this case find an adequate localization procedure. In
the spirit of Remark 2.5, this relies on the localization procedure for each of the
connected components.
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Lemma 3.11. Letp € [1,00[. In the terminology of Assumption 2./ 1) the following
holds true for each j € {1,...,k}:

i) There is an isometric operator €; which extends any function from Wol’p(Vj)
by 0 to a function from W, P(Q) C W5P(Q).
it) We have OV; C O(U; N Q).
iti) Let R; = 0V;NU;. Then R; C dV; and one has ¢|y, € Wé]p(V]), if ¢ €
WEP(Q).

Proof. i) The support of every function from C§°(V;) has a positive distance to 0€2;
thus the extension by zero leads to a function from C§°(€2) in this case. The general
claim follows by density.

ii) By the definition of Vj it is clear that 0V; is contained in U; N 2. Now suppose
that a point y € 0V; lies in U; NQ (i.e., not on 9(U; NQ?)). Since U; N is open, we
find an open ball B containing y which is still a subset of U; N Q. By supposition,
y is a boundary point of Vj, hence V; N B # (). Thus, the connectedness of both V;
and B implies that V; U B D V} is also open and connected — and, hence, identical
with V;. But then B C V; which is a contradiction to y being a boundary point of
V;. So indeed 9V; C 9(U; N Q).

iii) The inclusion R; C 9Vj; is obvious. Let u € W]%)’p(Q). Applying Lemma 3.10
with U = U; shows that u|y;nq € W}%’p(Uj NQ) for R = D NU;. We now restrict u
further to Vj. By ii), we have 0V; C 0(U; N Q). Together with RN oV; = U; NIV
due to U; NAV; CUNOV; C D, we obtain uly, € WgP(V;). O

We aim lastly at equations on 7K and 7K for localized equations in neighbour-
hoods of boundary points of 2, to be achieved via the bi-Lipschitzian transforma-
tions occurring in Assumption 2.4. Hence it is, of course, of interest onto which sets
the different boundary parts are mapped by these transformations:

Lemma 3.12. Let x € 01).

o Ifx satisfies Assumption 2./ 1), then for each j € {1,...,k} one has ¢;(0V;) =
O(1;K) and, in the terminology of Lemma 3.11, ¢;(R;) = ¢;(0V; N U;) = 7;%.
o If x satisfies Assumption 2.4 II), one has in the terminology of Lemma 5.10
(putting U := Uy and ¢ := ¢y ):
i) ¢(E) =0(rK)\ 75 and ¢(R) = 0 in case Ila),
i) ¢(E) = 0(TK)\ (T2 \ 7%0) and ¢(R) = 7% in case IIb).

Proof. This is straight-forward from the mapping properties of the transformations
¢« and @;. O

It turns out that the model constellation in Assumption 2.4 IIb) is indeed sug-
gestive, but not optimal for further analytical purpose. We show in the next lemma
that it can be replaced by another one which is much more controllable later, cf. [32,
Sect. 4.2].

Lemma 3.13. For every 7 > 0, there exists a volume-preserving, bi-Lipschitzian
mapping s, : R™ — R™ that maps 7K onto 7K, O(TK)\ (72\7%0) onto O(TK)\ 7
and 70 onto the set | — 7,7["2x{—7} x [-7,0]. Finally, <,(3K) = 7K with

K:=] -1 1["2x]—1,0[x] — 3,0].
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Proof. Let us start with the case n = 2, thereby focussing first on the case 7 = 1.
We define on the lower halfspace {(z,y) € R? : y <0}

x—y/2,y/2), ifte <0, y>u,
x/2,—x/2+y), fz<0,y<uz,
x/2,2/2 +y), ifx >0, y<-—uz,

(
gl(xay) = E
(x+y/2,9/2), ifex>0,y>—=x.

Observing that £; acts as the identity on the xz-axis, we may define &; on the upper
half space {(z,y) € R?: y > 0} by & (z,y) = (z,y/2). In this way we obtain a
globally bi-Lipschitz transformation &; from R? onto itself that transforms K U X
onto the triangle shown in Figure 3. Next we define the bi-Lipschitz mapping

FIGURE 3. KUY and & (K U X))

& :R?2 - R? by
2 1 if x <
balayy) = DE D, TS0
(z,—x+2y+1), ifx>0,

in order to get the geometric constellation in Figure 4. If &3 is the (counter-

FIGURE 4. &(&(K UX)))
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clockwise) rotation of 7/4 around 0 € R?, we thus have achieved that & := £362¢; :
R? — R? is bi-Lipschitzian and satisfies

§(K) =

1 = —= -1 -1 1
—K, and o) =< —= ¢ X |—,—]|.
V2 <o) {ﬂ } { 2" V2 ]
Let & : R? — R? be the affine mapping (z,y) — (v/2x, %y — %) Then ¢ = £,¢
is bi-Lipschitzian and maps K onto itself, 9K \ (X \ £g) onto K \ ¥, and X bi-
Lipschitzian onto {—1} x[—1,0]. The assertion for K is verified by a straight forward
calculation. As is easy to check, the determinant of the Jacobian is identically one
almost everywhere. Hence, ¢ is volume-preserving.
If 7 # 1, then one first applies the homothety y — %y7 then the mapping ¢y just
constructed for the case 7 =1 and afterwards the inverse homothety y — 1y.
For n > 3, one simply puts ¢,(z1,..., %) := (X1, .., Tn_2,(Tn_1,Ty)). O

Corollary 3.14. Suppose that Assumption 2.4 1Ib) holds true. Then for every point
X from 0D (within OQY) there is a an open neighbourhood Uy, a positive number
T = 7x and a bi-Lipschitzian, volume-preserving mapping from a neighbourhood of
Uy into R™, which maps Uy N onto TK, E onto O(TK)\ 7%, and R onto the set
[—7,7]"2 x {—7} x [~7,0], where E, R are defined as in Lemma 3.10.

Proof. If one defines the asserted mapping as the composition g, o ¢, then the
application of Lemma 3.12 and Lemma 3.13 gives the assertion. O

Having the bi-Lipschitz mappings ¢ and ¢ defined above at hand, we collect prop-
erties of bi-Lipschitzian transformations if applied to the typical data of parabolic
equations as (2.9). It turns out that (volume-preserving) bi-Lipschitz mappings
essentially preserve the structure of the underlying problem.

Proposition 3.15. Let A be a bounded Lipschitz domain, and let F' be a closed por-
tion of its boundary. Assume that C is a bi-Lipschitzian mapping from a neighbour-
hood of A into R™. Define for any function ¢ : ((A) — R the function ®p: A - R
by

(Pp)(x) := ¢(C(x)) = (po)(x), xeA.

i) For every ¢ € WY(C(A)), the (generalized) gradient of the function ¢ o ( is
calculated for almost all x € A as follows:

S 5 [FEE)
VipoQ))=1| . : = (DO (x) Ve (¢(x))-
Fr(x) - g/ \GE)
i1) For every p €]1,00], the mapping ® induces linear, topological isomorphisms

Oyt WEE (CN) = WEP(A) and @ 0 Wi P (A) = W0 (C(A))

as well as @, : LP(C(A)) — LP(A). These are consistent for different values of

.

i) If a €10, 1], then ® induces a topological isomorphism ®¢ . between C*(¢(A))
and C*(A). The norms of ®¢ o and @a}l only depend on the Lipschitz constants
of ¢ and (1.



HOLDER-ESTIMATES FOR NON-AUTONOMOUS PARABOLIC PROBLEMS 15

iv) Let p: A — M,, be bounded and measurable. Then one has for every p €1, 00[
and every pair (1, ) € WHP(C(A)) x WEP'(C(A)) the identity

[ Vwe0 Vo= [ pvi-Tpd. (3.5)
A ¢(A)

with
_ 1 -1 -1 T/ -1
p¥) = oy PO N AT POT ) ()

for almost all y € ((A). Here, D{ denotes the Jacobian of ¢ and det(D() the
corresponding determinant.

v) Letle,lc—1 denote the Lipschitz constants of ¢ and ¢, respectively, and assume
that ¢ is volume preserving. If p takes its values in M, (ko, k1), then pc takes
its values in M, (Ko, K1) where Ry := [{”01 and K1 := Iﬁ:llg.

Proof. For i) see [41, Ch. 1.1.7]. The proof of ii) is contained in [25, Thm. 2.7/2.10].
iii) is obvious. Assertion iv) can be deduced from i), for a complete proof see [31,
Prop. 16]. v) First one observes that for a volume-preserving mapping ¢ the function
| det(DC)(+)| is identically 1, [18, Ch. 3]. Secondly, Rademacher’s theorem shows
that [|DC||re(an,) < Ie and [[D(CTH) || oo (e(ay;ar,y < le-1. With all this in mind,
one easily calculates for almost all y € ((A) and all z € R™ as follows:

lpe(¥)z - zllzn = llp(¢T¥)(DOT(CT W)z - (DO (¢ (3))zlzn

< ml[(DOT (T W)zlEn < mal 2]l

In order to deduce the lower bound, one first recalls the equality
1

(DO(CHy) = (DETH) (3.7)
which holds for almost all y € {(A), see [18, Ch. 3.1.2 Cor. 1]. Having this at hand,
one estimates for almost all y € ((A) and all z € R®

lpc(¥)z - zllrn = [|p(¢ y)(DO)T (¢ ()2 - (DT (CTH(y))zllzen
koll(DOT (¢ W)l = roll (DTN ()™ 23

ko 2 Ko 2
s, e 1D D e = e

Y

O

Y

Remark 3.16. If p is a coefficient function on J x A and ( : A — Z is bi-
Lipschitzian, then we denote by p the coefficient function ¢ — pe(t,-) on J x 2
given as in (3.6).

3.3. Localization, transformation, reflection. Now we have the principle ideas

at hand and will first localize the parabolic equation suitably in order to consider

it on smaller sets. The resulting equations are then transformed by bi-Lipschitzian

mappings, corresponding of course to Assumption 2.4, to equations on the half

cube K. In the case of points from the Neumann boundary part, one finally needs

a reflection argument, which will be established in the last part of this subsection.
Having this in mind, let us now localize the equation

<u/7 QO>WB2(Q) - <v : ,U(t, )vua (‘0>W£1)2(Q) + /Q up dx = <f, <‘O>W£1)’2(Q)’ © c Wé’Q(Q)

(3.8)
with u(Tp) = 0, where f € L*(J; WBLQ(Q)). Note that a solution u to this equa-
tion belongs to the space L?(J; WEQ(Q)) NWLH2(J; WBW(Q)) < C(T; LA(Q)), cf.
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Proposition 2.10. Let us fix an arbitrary point x € Q and consider an open neigh-
bourhood U of x. If x € , we assume U C 2. We will now localize the equation
around x according to the constructions from Lemmata 3.10 (for the first two cases)
and 3.11 (the last case), respectively:
e IfxcQ,set A=U, E=0A and R = (.
e For x € N, we choose A = QN U and E, R as in Lemma 3.10, ie., £ =
OA\ (NNU)and R=DnNU.
e In case of x € D\ N, Q NU may be disconnected with, say, k& connected
components V;. We thus set A; = V;, E; = 0V; and R; = 0V; NU;, where
U; is an open set with V; C U; C U, for each j € {1,...,k}. The following
localization procedure then has to be done for every j € {1,...,k}. We will,
however, omit the index j to simplify the notation.

In this terminology, one calculates for w € W5*(2) and every ¢ € Wx2(A)
(=9 s Vuls. g = [ aTuls - Viods

= [ V- V(€wp)dx = (=Y 0 (€0
(3.9)

Remark 3.17. The first term in (3.9) does not contain abuse of the above intro-
duced notation in the following sense: for w € Wé’2(Q) the restriction w|x belongs
to the space W}%’Q (A), cf. Lemma 3.10 iii) and 3.11 iii). The operator —V - p|AV is
well-defined from Wy*(A) to W5 "?(A), see Definition 2.9, giving —V - p|aVw|s €
W§1’2(A). But R is contained in E, which yields Wé’Q(A) — W;ﬁ (A) with isomet-
ric injection. Thus, Wx(A) 3 ¢ = (=V - p[aVaw|a, ‘P>W;J=2(A) is to be understood
as the restriction of the linear form —V - p|paVw|p € W§1’2(A) to the subspace
Wi (A) CWE(A).

Assume now that a given function u € L2(J; W52(2) N WL2(J; W, ()
satisfies (3.8) with f € L?(J; WBLQ(Q)). From the identity

/ u(t)pdx = / u(t)Cypdx for all p € W}IE’Q(A),
A Q
one easily deduces [12, Ch. XVIII.1.2 Prop. 7] that for all ¢ € WPIJ’Q(A)

() @ Phwgan = 7 [ unOpdx= 5 [ uEvpdx = W0, €00

(3.10)
where the time derivative on the left hand side is taken in the sense of Wy "?(A)-
valued distributions and in the sense of W, 1.2 (Q)-valued distributions on the right-
hand side. Note carefully that everything is indeed in order since &y : Wé’Z(A) —
W 52(2) is well-defined and continuous, thanks to Lemma 3.10 ii) and Lemma 3.11 i).
One step further, using (3.10) and (3.9) in case of w = u(t) and p = u(t,-), one
obtains for every ¢ € Wé’Q(A) and almost everywhere on J

((ula)', <P>W}{J=2(A) — (V- ulaVula, 80>Wév2(/\) +/AU|A80 dx = (f, QEU<P>W]§2(Q)- (3.11)
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For ¢ €]1,00[ and ¢ € WD_I’Q(Q), we denote the linear form Wé’q/ (A) 59—
(9, €up) by gu = €};g. One easily estimates

HQUHWEL‘I(A) < ||G;}HL‘,(WD’I"I(Q)’WE*L‘?(A))||g||W517‘1(Q) < ||9||W51’<1(Q) (3.12)

since €y is an isometry. This shows the following: the function J > t — fy(t),
defining the right-hand side in (3.11), belongs to L?(.J; W “?(A)), and its norm does
not exceed ||fHL2(J;W51,2(Q)). Analogously, if ¢, s €]2,00[, and f € L*(J; W];l,q(Q)),

then fy € L*(J; ng’q(A)) with a similar estimate. In this spirit, let us write (3.11)
in the form

<(U|A)/a‘P>W}évZ(A)+<*V‘N|AVU|A790>W1}3v2(1\)+/AU|A90dX: <fU7<P>W]}J’2(A)- (3.13)

Remark 3.18. In any case, the property u € L2(.J; W5*(Q))NC(J; L*(Q)) implies
that we have u|y € L2(J; Wy (A))NC(J; L2(A)), and the corresponding V, *-norm
of u|x is not larger as the V,*-norm of u, cf. Lemmata 3.10 and 3.11.

This completes the localization procedure so far: For every possible constellation
in and around a point x € Q, we have constructed a suitable local equation in
Wy 1’2(/\) which is satisfied by the global solution u. Next, we transform these local
equations according to Assumption 2.4 using the properties of the transformations
established in Proposition 3.15. Suppose from now on that for every point x € 012,
a neighbourhood U of x is given as declared in the fitting case in Assumption 2.4
and that A, F and R are chosen accordingly as in the localization procedure above
(with the obvious adjustments).

We now exploit I1I) of Assumption 2.4, that is, for each case of boundary points
X, there is a volume-preserving, bi-Lipschitzian mapping ¢ from a neighbourhood
of A onto a neighbourhood of the cube 7K. Let us assume that E is mapped onto
E, C 9(TK), and that R is mapped onto Re C O(7K) — where ¢ and F,, Re will be
specified later and, of course, in correspondence with Assumption 2.4, Lemma 3.12
and Corollary 3.14.

For almost all ¢, u|s(t) € W}a’z(A) is of the form v(t) o ¢ for a v(t) € Wé’.Q(TK),
just as ¢ € Wy2(A) is of the form ¢ = 1) o ¢ for some ¢ € Wé? (TK), both thanks
to Proposition 3.15 ii). Taking this into account, one obtains

d d d
<(u|§\a@>w};2(/\) = $<U|A7@>W}E’2(A) = %@OC’wOQW]{:vQ(A) ~a /A(UOC)(woo dy

d
= % TK’U'(/}dX: <v/’w>Wé;2(TK)7 (3.14)
since ¢ is volume-preserving, i.e., | det(D()| = | det(D¢~1)| = 1 almost everywhere.

On the other hand, one gets for every ¢ € Wé’Q(A) for almost every t € J
(V- 1t YVl (), @ ay = (7 -t Ja T (08) 0.€), 0 o
== [ V) 00) - V(o) dy
= —/ pe(t,)Vo(t) - Vi dy
TK
= (V- et )V ) 2
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cf. Proposition 3.15 iv). Finally, for almost all ¢ € J, [, u A ult)|apdx is calculated
to [, v(t)y dx since ¢ is volume-preserving. Hence, (3.13) leads to the following
equation for the transformed function v:

(W hhwrzry = (V- () Vo, Py +/ v} dx = (fu, ¥ o Quizn
(3.15)
for ¢ € Wﬁlf (TK). In view of (3.12) one gets for every ¢ € Wé’.q (7K) and almost
allt e J
(Fo 0.0 g | < 1o @y oyl 0 Chysor g
< el F Ol zroen Wolyaor ey (3-16)

the constant ¢ only depending on ¢, see Proposition 3.151). Thus, for almost every
t € J, the linear form

W (TK) 30 (fu(), w0 0)
belongs to Wg.l’q (K). If one denotes this linear form by g(t), then (3.16) shows the
following: if f in (2.7), cf. also (2.9), even belongs to L*(J; W, %(Q)), then g is
from L*(J; Wbi.l’q(TK )) and, additionally, fulfils the estimate

J W 1, q(Q)), (3.17)

TK)) —

the constant c only depending on the mapping C . Expressing the right-hand side
of (3.15) in this manner, we get the final equation for v on 7K, namely

0 )220~ (7 et DT, Do + [ 00000 dx = ale) ¥z
’ (3.18)
for 1 € Wi (7K).

Remark 3.19. Again, the property u|x € L?(J; W}QQ(A) N C(J; L2(A)) leads to v
being from L?(.J; W}%’.Q(TK )) N C(J; L3(TK)) inclusively a corresponding estimate
— where the norm depends only on the bi-Lipschitz mapping ¢, cf. Lemma 3.15 ii).
Moreover, (3.14) gives the inclusion v € W2(J; WE.LQ(TK)) together with esti-
mates for the corresponding norms.

Let us now specify the mapping ¢ in dependence of the different cases in As-
sumption 2.4 and the conventions from the beginning of the localization procedure,
defining the sets E, = ((F) and R, = ((R) correspondingly:

e In case I) one puts (; := ¢;, thus obtaining

=(i(Ej) =0(m;K) and  Rje = ((R)) = 7,5, (3.19)
for each j € {17 ..., k}, see Lemma 3.12.
e In case ITa), we set ( = ¢x, such that
E.=((F)=0(rK)\72 and R.=C(¢(R) =10, (3.20)
cf. Lemma 3.12.
e In case ITb) we choose ¢ := ¢, o ¢x and obtain, in view of Corollary 3.14,
E,=((E)=0(tK)\78 and Re=((R)=[-7,7]"?x{-1}x[-7,0]. (3.21)
Observe that in this last case ¢(x) = (0,...,0,—7,0).
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Having the transformed equations on the half cubes with transformed boundary
conditions at hand, we lastly introduce reflection for case II) from Assumption 2.4.
Inspection of Corollaries 3.5 and 3.7 reveals why this is necessary: Both corollaries
require a subdomain =y which has a positive distance to the whole boundary 0= or to
the complement of the Dirichlet boundary part F'. But in case IT) of Assumption 2.4,
after the localization and transformation procedure we end up with ((x) being
a boundary point on the half square without prescribed Dirichlet boundary part
(remember ((R) = 0 in case a)) and ((x) being at the boundary of the Dirichlet
boundary part itself, respectively. Both cases do not admit a suitable neighbourhood
of ¢(x) which would satisfy the assumptions of Corollaries 3.5 and 3.7. By reflecting
the equation across the “upper” plate of the half cubes, we obtain ((x) being inner
points of the whole cube and the (combined) Dirchlet boundary part, respectively,
allowing to use the aforementioned corollaries.

Let us first define for x = (21, ...,2,) € R"™ the symbol x_ := (z1,...,Zp_1, —Tn),
and for a n X n matrix g, the matrix o~ by

Qi,j5 if 7".] <mn,
0; ;=14 —0ij, ifi=nandj#norj=nandi#n,
Qi,j» 1fz:]:n
Corresponding to a coefficient function p on 7K, we then define the coefficient
function p on 7K by

p(x), ifxe kK,
px) =19 (p(x=)) , ifx_ €K,
1, if x € X.

Finally, we define for w € L*(rK) the function w_ by w_(z) = w(z_), and for
w € LY(7K) the (symmetrically) reflected function by
w(x), iftxerkK,

¢:L'(7K) = L'(7K), (Cw)(x) = {w(x_)7 ifx_ eTK,

Lemma 3.20. Let F be a closed subset of O(TK)\ 7%, put F := F U {x:x_ e F}
and assume p € [1,00. Then w € WP (7K), if and only if Cw € W%’p(TK).

Proof. First, ¢w € Wé’p (7K) trivially implies w € WiP(rK). In view of the

converse assertion, it is known that w € WiP(7K) C W'P(rK) implies €w €

Wl’p(TI?), see [23, Lemma 3.4]. Lastly, standard arguments show that €w may be
approximated in the W1P-norm by restrictions of C§°(R™)-functions the support of
which avoids F. O

Let us next introduce an extension operator for distribution-type objects: For
p €]1,00], define the extension operator & : W, '"?(7K) — W;l’p(TK) by
17 / ~
<6f7 SD>W;"’/(7—I?) = <f7 <P|7—K + <‘O_|TK>W;JPI(TK) y P E Wﬁp (TK)
We immediately obtain the following properties:

Lemma 3.21. Assume p € |1, 00].
i) If Y € LN7K) N W5 '"P(7K), then Gy = €ip.
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i) For any closed subset F C dr K\, the operator & : W, "P (1K) — W};l’p(TI?)
18 continuous with norm not larger than 2.

Proof. One has for all ¢ € W}w’p /(TIA( ) the identity

<6w7§0>wgp’(¢f<) = /7—K ¢(<p|‘rK + §07|TK) dx = /I\_[? QZZJ(P dX,

which proves the first point. Moreover, the operator under consideration is the
adjoint of the continuous operator Wé’p (TK) 3 ¢ = (plrx +¢_|rx) € WP (TK),
which implies both assertions from the second point. O
Lemma 3.22. Let Eo, Ry with Re C Eo be two closed subsets of O(TK) \ 7.

i) Ifwe Wé’.Q(TK) satisfies

(V- pVw +w, )iz = (I Bhwiagry, V€ Wil (7K) (3.22)
for some h € WE.I’Q (TK), then

(=¥ pV(Cw) + €w, @)y ) = (Sh, Q)yrai gy 9 € Wg(ﬂ?) (3.23)

ii) Suppose that v € W2(J; WE}’Q(TK)) N L%(J; W}%’.Q(TK)) with initial value
ug = 0 satisfies

<U/(t)7w>wé;2(—r}() +<*V'M(t, ~)V’U(t)+v(t), ¢>W;’.2(TK) = <g(t)7w>wé=.2(q—]()a (324)

for all ¢ € W}E’.Z(TK) and some g € L?(J; ng %(7K)) and almost all t € J.
Then the function J > t — €uv(t) is from W12(J; VVA1 2(rK))NL2(J; WL2(TK))
and still has initial value 0. Finally, the function (’EU satisfies

(€Y 0. Py oy + (=7 1) V(€D + (€0 Pz
= (Gg(t), 90>W;A~2(Tf() for all p € W;;(TIA() (3.25)
for all almost all t € J.

iii) Assume s,q > 2. If g€ L*(J; Wg.l’q(TK)), then &g € L*(J; WT;\L'I(TIA()), and
the norm of &g is not larger than two times the norm of g.

Proof. 1) The assertion is obtained by the definitions of Gw, Gh, V - pV, V - pV
and straightforward calculations, based on Proposition 3.15, when applied to
the transformation x — x_.
ii) The first two assertions follow from Lemmata 3.20 and 3.21; let us show that
¢v indeed satisfies the correct equation: coming from (3.24),

(=9l YT () + 0(0), W ey = (900 Pz = (0, By (3:26)

for ¢ € Wé.Z(K) is for almost all ¢t € J an equation of type (3.22). According
to i), this leads to an equation

—

(= - HED V(€0 + (@) (1)) o)

= (69O Pz )~ SV Py ¢ € WEER). 3.21)
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Now one calculates for ¢ € W%JLQ (TK)

<(6UI)(t)7¢>W;(T[?) = <vl(t)a§0|‘rK + @—‘TK>W%;2(T[?)

=2 [ v+
d i
=% Tf((@v)(t) pdx = ((¢v) (t)7<p>w%?(71?)7

what gives the last assertion.
iii) The assertion follows immediately from Lemma 3.21 ii). O

3.4. The core of the proof. Now we have all preparations at hand and will prove
our main result, Theorem 2.13. The following lemma is the starting point for the
usage of the foregoing results.

Lemma 3.23. Let B be the unit ball in L*(J; W;l’q(ﬂ)). Then, for every f € B,
the solution uw = uy of (2.4)/(2.7) is contained in a ball B around 0 in v, 0(0)

with radius
1 /1 - s
rv = ( ' ) Q5 |5
> >

here 3 = min(kg, 1) being the (uniform) coercivity constant of the forms

WL2(Q) x WEA(Q) 5 (1, ¢) /Q w(t, V- Vi + v ds.

Hence, for all coefficient functions u admitting the same ellipticity constant kg, in
particular all those from M(ko, k1), the radii rv may be taken uniformly.

Proof. The unit ball B is contained in the corresponding ball in L2(.J; W, ?(Q))

with radius |Q|% |J] %, cf. Remark 2.14. Then an application of Proposition 2.10,
there using the triple W, "?(Q) < L*(Q) — W5*(Q), yields the desired result. [

We now proceed to construct a finite open covering of Q and to show uniform
L*°- and Holder-bounds on the intersection of each of the covering sets with 2.
To this end, we localize the parabolic equation (2.9) with respect to a suitable
neighbourhood of each point, transform the localized equations to such on the half
cubes and reflect the problem to the whole cube, if necessary. This allows to use
Corollaries 3.5 and 3.7, respectively, to deduce the wished-for estimates.

Choose for any point x € Q a ball B} around x which satisfies By C €2 and
has a positive distance to 0. Define By as the ball with half the radius of Bg.
Further, for every y € 02, let U, be an open neighbourhood of y which satisfies
the conditions in Assumption 2.4. In case I of that assumption, we put W, =

ﬁquj_l(%f(). If y fulfils case II of that assumption, then we put Wy = ¢;* (%"IA(),

which implies W, N ) = qS;l (%YK) Obviously, the collection of the sets {Bx}xeca
and {Wy }yeoo forms an open covering of Q. Let By, ..., By, s Wyys.o ., Wy, be
a finite subcovering.

Before we continue, we need the following property of the sets W, in case of
Assumption 2.4 I):
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Lemma 3.24. In the situation of Assumption 2.4 1), with W := ﬂle gbj_l(%]f?)
one has

k
wnac |/ qS;l(%K), (3.28)
=1

the right hand side being a disjoint union.

Proof. Since W C ﬂ?zl U; CU, we find

k k k
wno=wnanu=wnlJvi=Jw,nw)c U(Vmb A))
=1 j=1 j=1

LkJ (¢ B N6 (55)) = e (kN3 K) = ijasjl(;jm =
J=1 j=1 j=1

Let B be again the unit ball in L*(.J; W;,4(2)), and let B denote the set of
step functions in B.

Step 1: For every f € L*(J; W, 9(Q)) — L2(J; W, "*(Q)) a (unique) solu-
tion u = uy of (2.9) exists, cf. Proposition 2.10/Remark 2.11. The set of solutions
{uy : f € B} is bounded in V;"%(J x ), and the bound in this space can be taken
uniformly with respect to all coefficient functions pu € M, (Ko, k1), cf. Lemma 3.23.

Step 2: We consider the restricted problem on each of the balls B according
to Ch. 3.3 (there setting U = By,), cf. (3.13), where the right-hand side fy in
the restricted problem is still bounded by 1 for f € B. For f € B%°P, however,
the solution uy is a generalized solution of a corresponding generalized problem
on By with right-hand side fy, cf. Proposition 3.9, fy still being a step function
in time and contained in the ball with radius 2 in L*(J; LY(By,; R"*1)). Thanks
to Corollary 3.5, the functions wuy| B,, are essentially bounded, and the norms
l[ul.rx By, [l (1 B,) are bounded uniformly in f € B**P and in p € My (Ko, k1).
This of course implies uniform boundedness for all [ € {1,...,mg}.

Step 3: Let us now consider the boundary points, thereby temporarily fixing
y =y € 0L
We start with case I) of Assumption 2.4): Intersecting Q with Uy, the restriction of
the function u = uy to each of the connected components V; belongs to W (VJ)

when taking R; as 9V; N U;, cf. Lemma 3.11. One obtains a restricted problem on Vj;
which is of the same quahty as (2.9), cf. (3.13) with A =V} and E = 9V. Further
we transform this resulting problem to a problem for the function v; := u|vj O¢;1 on
7, K. According to (3.18)/(3.19), one ends up with an equation for the transformed
function v; on 7; K with new right-hand side g; € L*(J; Wy (7, K)), which is still
a step function in time. By Proposition 3.9, v; is then a generalized solution of the
transformed equation (3.18) on 7; K with right-hand side g; € L*(J; L(7; K; R"*1))
and coefficient function pg,. This is the setting for all j € {1,...,k}. Let us show
that we are in the situation to use Corollary 3.5 for each problem on V.

e The new right-hand sides g; may be estimated suitably with respect to the

original ones, cf. (3.17) and Proposition 3.9, giving

N951lzs (7:pa(r KRR +1)) < 2[95] LW b K)) < 265
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e The resulting transformed coefficient functions pg, on J X 7;K still admit
uniform upper bounds &1 ;, and uniform ellipticity constants &g ;, cf. Propo-
sition 3.15 v).

e Moreover, it is clear that ||U|J><\/j||V21,U(JXij) is not larger than ||uHV21’°(J><Q)7
which was uniformly bounded over M,,(ko, k1) and with respect to f € B
by the constant 7y thanks to Lemma 3.23. Proposition 3.15 ii) shows that
l|lv; HV;.O(JXTJ_ x) may be estimated by ¢;ry for some constant ¢; depending on
j via ¢;.

e By Remarks 3.18 and 3.19, we have v; € L?(J; W:f%(TjK)).

J

Summing up, we have, for each j, coefficient functions from M, (%o ;,k1,;) and
right-hand sides g; contained in the 2¢;-ball around 0 in L*(.J; L9(7; K; R™ 1)) such
that the generalized solutions v; to all those right-hand sides are in turn contained
in a ball with radius ¢;ry in V0T x 7;K) and even belong to L?(J; W:%(TJK))
Applying Corollary 3.5 ii) with the subdomain % K, we get L>°-bounds on J x & K
for every v; which are uniform in f € B5°P and p € M,,(ko, x1). Thanks to (3.28),
this gives L>-bounds for u on J x (W, N Q), uniformly for f € B*P and p €
Mn(KJO; K1)~

Next we will consider the case IT) in Assumption 2.4. We abbreviate 7, =: 7.
Localizing around y with respect to Uy, according to Ch. 3.3 results in a problem
for u|a in the form (3.13) with A = Uy, NQ and E = JA \ (N NUy). By afterwards
transforming the resulting problem via { = ¢, (case IIa)) and { = g, 0¢y (case IIb)),
one again ends up with a problem on 7K as in (3.18), which we interpret as a
generalized problem solved by the function v = u|p o (. We obtain analogous
estimates and bounds, especially uniformly in p € M, (r0, k1) and f € B*P for
the coefficient function pg, , right-hand side g and solution v € VQI’O(J x TK) as
we did for each j in the previously handled case I). The following considerations
require further distinguishing the assumptions.

In case Ila) of Assumption 2.4, we get v € L?(J; W12(7K)) according to Re-
mark 3.19 and (3.20). Here, the upper plate 7X is disjoint to the (transformed)
Dirichlet boundary part (which in fact is even empty here, cf. (3.20)), permitting
the direct application of Corollary 3.5 for a neighbourhood of ¢,(y) = 0, since
the latter is obviously also a boundary point of 7K. However, we may reflect the
problem across 7Y according to Lemma 3.22, thus obtaining the corresponding
equation (3.25) on 7K for the symmetrically reflected function €v. It is clear that
the bounds for the data and the Vzl’o—estimate for v carry over to 7K in a straight
forward manner, cf. Lemma 3.21 and the definition of the reflection operator €&,
and that ¢,(y) =0 € 7K is an interior point in 7K. Hence, we may apply Corol-

lary 3.5 1) for the subdomain TK and obtain an L*°-bound for €v on J x TK again
uniformly in g € M, (ko, k1) and f € BstP. Obviously, this implies an LC>C bound
with the same property for v on J x (Wy, NQ) = J x ¢~ (ZK).

In case IIb) of Assumption 2.4, where y sits at the boundary between Neumann-
and Dirichlet boundary parts, Remark 3.19 and (3.21) give v € L?(J; W}%?(TK))
with Ry = [-7,7]" "2 x {—7} x [-7,0] C O(7K) and ((y) = (0,...,0,—7,0). Since
this point is not an interior one of the Dirichlet boundary part R,, we also reflect
this problem across 73 and, again, end up with a corresponding parabolic equation
for the symmetrically extended function v on the set 7K. The Dirichlet part of
the extended solution €v now equals Ry = [—7,7] x {=7} x [-7,7] C O(TK), cf.
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Lemma 3.20. Recalling Lemma 3.13, we had

e () =] 5

and one observes that 7K has the distance 7 to the set
O(TR)\ Ry = d(rK) \ ([-7,7]" % x {~7} x [-7,7]) .

Another application of Corollary 3.5 ii), this time for the subdomain 7K, gives an
L>-bound for v on J x 7K, and, correspondingly, on Jx ("N (7K) = Jx¢; (T K) =
J x (Wy N Q), again uniformly for f € B5*°P with respect to ko, k1.

Hence we have L>-bounds on J x Wy, NQ for each [ € {1,...,m;} which then
clearly implies L°°-bounds uniform in /. Since the finite system By, , ..., Bx,, , Wy, N
Q,...,Wy,, NQis an open covering of €2, this altogether gives L>-bounds on the
whole set J x €2, which are uniform for all f € B5%*P for the corresponding functions
uy and which do only depend on the constants g, x1. This was the first point of
Theorem 2.13.

Step 4: Having the essential boundedness at hand, we will now establish the
Holder estimates by essentially re-iterating the considerations in the foregoing steps,
this time investing the obtained uniform global L°°-bounds instead of the V21,0_
estimates and then applying Corollary 3.7 instead of Corollary 3.5.

In detail: Both Step 2, which was the case of the balls By,, and the considerations
in case II) of Assumption 2.4 in Step 3 work exactly as above, using Corollary 3.7
this time. In case I) of Step 3, the situation is a bit more complicated and needs
more care: Repeating the procedure outlined above to the point where Lemma 3.24
and (3.28) are used, one obtains the Holder property for every transformed local
solution v; (including estimates uniform in f € B5°P, depending only on ko, K1)
on the set J x ZK for each j € {1,...,k}. Due to the disjoint union in (3.28),
u can be represented as u = 2521 vjo¢; on Jx (2N W,). It is essential to
observe, however, that this implies only Hoélder continuity for w on each of the
disjoint sets J x ¢;1(%K) C J xVj on its own — it is not (yet) clear why the Holder
property should hold “across” different connected components. Let us note that
this is exactly the result of Ladyshenskaya in [40]. In the sequel we will show that
our setting allows to derive from this the required global Holder estimates on the
sets J x (N Wy).

Let us in the following identify the Holderian function v;, defined on J x %K ,
with its unique Holderian extension on J x %F, cf. Remark 2.8. The crucial point
is here that we imposed in our general ansatz a very special boundary value on
the whole Dirichlet part D of the boundary — namely, 0. Indeed, the property
v; € L*(J; Wjj’%(TjK)) implies that v;(¢,-) has trace 0 on X, i.c., vanishes there
almost everywhere with respect to the boundary measure H,,_; for almost all ¢ € J,
see Remark 3.4. However, v;(t,-) is also a continuous function on %K, and %JF
has a Lipschitz-boundary around 0, hence in fact v;(t,-) = 0 on %X for almost all
t € J. But then, this time due to continuity in time, v; must be identically 0 on
the whole J x ZX. It is straight forward to verify that the continuation 9; of v; to
J x %]IA( by zero is also Holder continuous — with the same Hélder-norm as v; on
J x Z K. This means we may extend u via i := >_; 0j0; to the set J x Wy (which
indeed is an extension of u = } . v;j o ¢; due to 9; = v; and 9; = 0 on qi)j_l(%K)
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for i # j) and obtain a Holder-continuous function, such that u = i|w,nq is also
Holderian on Wy, N2 with the same estimates.

Let us inspect the corresponding Holder bounds in some more detail: Let ¢1,ts €
J and 21,z be from two different connected components of W, N €, that is, z; €
qﬁj_l(%K) NW, and zp € gbi_l(%K) N W, for j # i and let o, ; be the degree of

Holder continuity of ¥; and 9; on J x TQ—JI/(\' and J x %I/(\' , respectively. We write
lu(ty, z1) — u(te, z1)| = |vj(t1, ¢5(21)) — vilta, ¢i(22))]
= [0j(t1, ¢;(21)) — 0;(ta, §j(22)) + Dilt1, di(21)) — Vi(t2, Pi(22))]
< LV 1) [8)la,[1(E1,21) = (t2,22)[|*
+ (1 V1) [0 o, [[(1,21) = (t2,22)]

since 0;(t, ;(z2)) = 0;(t, ¢i(z1)) = 0 for all ¢ € J. This shows that the Holder
seminorm of u may be estimated as follows, using a* = minjcyy,.. xy o = ays:

).

In particular, the Holder seminorm estimate does not depend on all k of connected
components of Wy N €} but only on two of those at once.

Now we have achieved the following: There exist constants a(xy),...,®(Xm,)
and a(y1),...,a(ym,), such that

(623

uloe < _max ((1 V Ly, ) [0, diam (T x Wy Q)% 4 (1V 1, )6,

JE{L,...,

sup ”uf”C“(xi)(JxBx,) < oo, and sup HufHC"‘(yl)(Jx(WylﬁQ)) < oo (3.29)
fepster i Fepater
for each ¢ € {1,...,mo} and I € {1,...,m1}, and these suprema are even uni-
form for all coefficient functions y € M,,(ko, £1). Diminishing the a(x;) and a(y;)
in (3.29) to their common minimum, called «, (3.29) certainly remains true and

we have Holder-continuity of degree o on each of the sets By,,..., By, ,Wy, N
Q.. W, NQ.
my
Step 5: In order to deduce global Holder continuity from the previous consider-
ations, we need the following

Lemma 3.25. There exists an € > 0 such that, for every x € Q, the balls in Q with

center x and radius not larger than € lie completely in at least one of the sets By,
or Wy,.

Proof. Consider the function
1

Qoy=e(y) = ——

(3 dist(r B\ B + 3 dist(y. R\ Wi(y1)).
i=1 =1

This function is continuous and strictly positive, since every y € Q is contained in
at least one of the sets By, or Wy,. Therefore, it has to attain its minimum, say,
€ > 0. Then it is straight forward to see that this ¢ fulfills the asserted condition,
since at least one summand in the definition has to be bigger or equal to e(y) for
each y € Q. O

Now Lemma 3.25 in combination with Remark 2.8 iii) allows to fall back to the
sets By, and Wy, N Q and thus implies global Holder bounds on J x 2, and this
uniformly in f € B5%P and in p € M, (Ko, K1)
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Step 6: The previous considerations show that, for each u € M, (Ko, k1), the lin-
car mapping (9; + .A(r))”" maps bounded sets in Liiep (J5 W, 4(€)) into bounded
set in the space C*(J x ), the bounds being uniform in kg, k1. Consequently, these
mappings are equicontinuous with respect to u € M, (ko, k1) as mappings from
L3iep (J; W5, %(Q)) into the space C(J x Q). Since L3, (J; W, "%(Q)) is dense
in L*(J; W5 "%()), they hence possess extensions to the whole L*(.J; W, "%(€2))

which are still equicontinuous. This was the claim in Theorem 2.13.

4. Nonzero initial values and inhomogeneous Dirichlet boundary data.
Up to now, the fundamental difference between the approach in [40] and ours con-
sists in the fact that here only the zero Dirichlet datum is allowed, which allowed
to deduce global Holder continuity for the solution (it is clear that also constant
nonzero data is admissible by obvious modifications). In this chapter we will show
a way how to admit (nonconstant) nonzero Dirichlet data — without losing the clas-
sical Holder property for the solution. We restrict ourselves to the case where the
Dirichlet datum does not depend on time. Moreover, aiming at Holder continuity
for the solution in both time and space, it is clear that the initial value must admit
the correct boundary behaviour. In particular, in this context one can never expect
that a solution with initial value 0 admits a nonzero Dirichlet datum.

We start with the introduction of the fundamental property for this chapter.
Recall that we denote the (n — 1)-dimensional Hausdorff measure by H,,—1.

Definition 4.1. We call aset O C R™ a (n—1)-set if there exist constants ¢, ¢; > 0
such that for all 7 €10, 1] the inequality

cor™ P <Hp 1(Blz,r)NO) < et z€0 (4.1)
holds true, [38, Ch. IL.1 and VIIL1].

Remark 4.2. i) It is clear that any finite union of (n — 1)-sets is again a (n —1)-
set.
ii) If O Cc R"is a (n — 1)-set and ¢ is a bi-Lipschitzian mapping from a neigh-
bourhood U of O into R™, then ¢(0) also is a (n — 1)-set, cf. [18, Ch. 2.4.1],
see also [34, Ch. 3.1].

Having this at hand, we can prove our first preparatory lemma.
Theorem 4.3. Let Q and D satisfy Assumption 2.4. Then D is a (n — 1)-set.

Proof. Consider for each z € D\ N the domain ,, the neighbourhoods Ui, Usi
of the connected components V; 1,...,V, x, the numbers 7, ;, and ¢,1,..., ¢, k,
the bi-Lipschitz mappings from Assumption 2.4 I). For z € 9D we collect the
bi-Lipschitz mapping ¢, and the neighbourhood U, of z from case IT) of Assump-
tion 2.4.

For z € D\ N we define another neighbourhood W, as follows: Let 7, €0, 7,.1]
be a number such that

k k
$y1 (7 K) € (\Usj = () 651 (72 K)
j=2 j=2

and define W, := ¢, i(i’zf? ) (this is well-defined since each U, ; is an open neigh-
bourhood of z). Then the systems {Uy }yeop and {W, },. p\w form an open covering

of D from which we choose a finite subcovering Uy, ..., Uy, W, ,...,W, , which
. 2 ma
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allows to write D in the form D = |J;"? (Uy, N D)UJ;%% (W,, N D). Thanks to the
foregoing Remark 4.2, one has to show only that each of the sets Uy, N\D and W,,ND
is a (n — 1)-set. For the sets D N Uy, this is immediate by Remark 4.2 ii) and the
supposition on the mappings ¢y,. For the sets W, one has

k k k
DW= Ve y nW,, € | Ve 0 Vi € | Vi N,

Jj=1 Jj=1 Jj=1

Let us now consider the terms 0V,, ; N W,,, j = 1,...,k separately. From the
definition of W,, it is clear that 0V, 1 N W, is mapped by the bi-Lipschitzian
transformation ¢,, 1 onto the set 7,,X. Thus, 0V,, 1 NW,, is a (n — 1)-set, thanks to
Remark 4.2. This already assures the lower bound in (4.1) for the whole set DNW,, .
On the other hand, from the definition of W,, it follows that dV,, ; NW,, is mapped
by the bi-Lipschitzian mapping ¢,, ; onto a subset of 7, ;3. Since 7, ;¥ admits the
upper bound in (4.1), its subset ¢,, ;(0V,, ; N W,,) surely also does so. Finally, the
upper bound for 0V, ; N W,, itself again follows from Remark 4.2. Hence, each of
the sets Uy, N'.D and W,, N D are a (n — 1)-set, making D also a (n — 1)-set. O

First, let us, for a (n—1)-set M C R, denote by Bj"”(M) the usual Besov space
on M with p € ]1,00[ and 8 €0, 1], cf. [38, Ch. V.1.1.]. Using the just established
fact that D is an (n — 1)-set (Lemma 4.3), we obtain the following characterization
of traces for W14(Q)-functions where ¢ € ]1, 00| ([8, Thm. 5.1]):

Proposition 4.4. There exists a linear, continuous “trace” operator trp, which
maps W1H4(Q2) onto Bf’_ql (D). Moreover, there is a linear continuous extension
q
operator €p from B, (D) into W9(Q), such that trp €p is the identity on
q
BI7, (D).

Remark 4.5. Note that for ¢ > n, W4(Q)-functions are Holder continuous on
Q and thus in fact continuous up to the boundary of €2, cf. Remark 2.8. So for
1 € WH4(Q), the pointwise restriction | p is meaningful and indeed coincides with
trp ¢. We will use the notion |p in the following.

Secondly, for ¢ € [2,00[, we define the operator —V - pV + 1 : WhH4(Q) —
W, M(Q) by

(=V-pV+ 1) 9) 1w ) = /pr-Vso+wso dx, $eWh(Q), p € WS (Q),

(4.2)
thereby extending Definition 2.9.
Let us now define the notion of a solution of a problem with inhomogeneuos
Dirichlet-data:

Definition 4.6. Assume ¢ > n and let ug € W19(Q) admit the D-trace ¢, i.e.,
ug|lp = ¢. Then we say that for g € L*(J; W, "?(Q)) the function w = u + ug €
L2(J; Wh2(Q)) n Wh2(J;, W5 2(Q))) is a solution of the equation

w'(t) = V- u(t, ) Vu(t) + w(t) = g(t), w(t)|p =¢, u(Ty) =uo (4.3)

if u satisfies (2.9) with f(t) := g(t) + V - u(t,-)Vuo — uo. Here, the divergence
operators are meant as in (4.2).
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Theorem 4.7. Adopt Assumption 2./ and suppose ¢ > n and s > 2(1 — %)’1.
Let v € BP?,. Assume that ug € Wh9(Q) satisfies uo|p = ¢ and let g be from
q

L3 (J; ng’q(ﬂ)), Then (4.3) admits exactly one solution w, and this solution is
even Hélder continuous in space and time. The Hoélder norm of w is uniformly
bounded within the class i € My, (ko, k1) for fized g.

Proof. Thanks to the assumption ug € W14(Q), the function ¢ — V- u(t, -)Vug —ug
belongs to any space L*(J; W;,4(£2)). Thus, by Theorem 2.13 there is exactly one
solution u of the corresponding equation

w'(t) = V- pult, )Vw(t) + w(t) = gt) + V- ult, ) Vug —ug u(To) =0

which is even Holder continuous. Since ug is from W14(Q) with ¢ > n, it is in
particular Hoélder continuous, hence w = u + ug also is. O

Remark 4.8. Following the strategy to split off the initial value requires ug to be
in the domain of —V - u(t,)V + 1 for each ¢t € J, which in general is only to be
achieved if ug € Wh4(Q), cf. Definition 2.9. Hence, in view of Proposition 4.4, the
space Bff 1 (D) for the boundary values on D is exactly the “optimal” one.

q

5. Global solvability of a non-linear heat equation and optimal regularity
for the solution. We show an application of the results established in the foregoing
chapters. More specifically, we employ Theorem 2.13 to establish unique global
existence of a solution to a quasilinear equation in divergence-form. We fix the
following assumptions on the (nonlinear) forcing terms in the following problem:

Assumption 5.1. The function F : J x C(Q) — WBl’q(Q) is a Carathéodory
function, i.e., F(,w): J — WBl’q(Q) is measurable for each w € C(Q) and
F(t,): C(Q) = W5 () is continuous for each t € J. Moreover, for s € |1, 00],
assume that the superposition operator w — [t — F(t,w(t))] is continuous from
every bounded subset of C(J x Q) to L*(J; ngl’q(Q)), with

sup [[F (-, w)|
weC(Q)

Lewyiay < OF

for some constant Cr < co.

Remark 5.2. Assumption 5.1 is satisfied for a Carathéodory function F if the
boundedness assumption holds true and for every R > 0 there exists a function
Lr € L*(J) such that

| F(t,w1) — ‘F(t’w2)”W§1‘q(Q) < Lp(t)||lwr — wallo@m) for almost all ¢ € J,
where w1, wy € C(Q) with leuo(ﬁ)v ||w2||c(§) < R.

5.1. A quasilinear heat-equation with optimal regularity for the solution.
Although we first have to introduce some auxiliary results for its proof (which,
however, are of their own interest), this is the result:

Theorem 5.3. Put n = 3 and adopt Assumption 2.4. Let p be a measurable

coefficient function on Q with values in M, (ko,k1). Assume that ¢ : R — [¢, @],

where 0 < ¢ < ¢, is Lipschitz continuous on bounded sets. Suppose further that,
for some q > n,
V- pV 4 1: WH(Q) = W)
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is a topological isomorphism. Let s > 2(1— g)fl and wy € (WE(Q), Wy (D)1 4
Let moreover F : J x C(Q) — W5 Q) satisfy the Assumption 5.1 for this s.
Then there exists a global solution w € WY (J; W5 4(Q)) N L5 (J; W59(Q)) of the
quasilinear equation

w'(t) = V- p(w(t) pVw(t) + w(t) = Ft,w(t), w(To) = wo. (5.1)
If F even satisfies the assumptions in Remark 5.2, this solution is unique.

Let us first compare Theorem 5.3 with other well-known general existence- and
uniqueness theorems for quasilinear equations such as [43, Thm 3.1], which allow
for more general data but yield only local solutions. The trade-off we make for
global solutions, at this point, is twofold: First, we restrict ourselves to divergence-
type operators, and secondly the requirements for the (nonlinear) inhomogeneity are
stricter — we have to require uniform boundedness over C'(£2) and a slightly stronger
Lipschitz condition. However, we emphasize that even for right-hand sides not
depending on the function itself, e.g. [43, Thm. 3.1] does not yield global solutions,
while our theorem/proof nearly immediately does, cf. Corollary 5.8. Moreover, we
have the requirement of space dimension n = 3, whose necessity is a bit hidden: it is
needed to guarantee uniformity of the domains of each of the operators —V-¢(w)pV
for varying w — which in turn is a common assumption — by using invariance under
pertubation by continuous functions of the assumed isomorphism property of —V -
pV, which is only available for space dimension up to 3.

For the proof of Theorem 5.3 we, amongst others, need the following

Lemma 5.4. Let p be a measurable coefficient function on 2. Adopt Assump-
tion 2.4 and assume that —V - pV is a topological isomorphism between Wé’q(Q)
and W5, 9(Q) for some q > n.
i) For 0 €5+ 3¢+ [, the real interpolation space (Wb UQ), WEUQ))e.4 contin-
uously injects into C(Q).
i) If s > 2(1—%)_1, then WS (J; WM 9(Q))NLS (J; W5(2)) continuously injects
into the space C(J;C(Q)) ~ C(J x Q).
Proof. i) First, Lemma 4.3 shows that, under Assumption 2.4, D is a (n — 1)-set.
Knowing this, [6, Thm. 11.5] tells us that the operator —V - pV + 1, considered on
W, 9(Q), is a positive one (cf. [45, Ch. 1.14]) and that dom(—V - pV + 1)1/2 =
L1(Q), if ¢ > 2 [6, Thm. 5.1]. Thus, the reiteration theorem for domains of positive
operators (cf. [45, Ch. 1.15.4]) gives for # as given in the suppositions:

(Wp9(92), W5 (),g = (W5 (), dom(~V - p¥ + 1))
= (dom(~V - p¥ + 1)"2, dom(~V - p¥ + 1))ag 1,4 = (L(Q), W5 ()20 1.

Secondly, recall that Wllj’q(Q) admits a continuous extension operator € : Wé’q(Q) —
Wh4(B), where B C R™ is an open ball containing ) cf. [6, Lem. 3.2]. Moreover,
it is not hard to see that this extension operator € simultaneously extends the
functions form L?(92) to function in LY(B), inclusively a corresponding estimate.
Having this at hand, one can estimate for 2 < 7 < 1 and every v € WE’Q(Q)

q
lllom) < I1€81om, < cll€lmras)
< €6 nam) 1€V 15T < Yl n0 11y (52)
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of. [45, Ch. 4.6.1/Ch. 4.3.1]. But it is wellknown (cf. [45, Ch. 1.10.1] or [7,
Ch. 5, Prop. 2.10]) that an inequality of type (5.2) is constitutive for the em-
bedding (LI(Q), W54(2)),1 — C(Q). Moreover, it is clear that our supposition
0 €]5 + 50,1 implies 20 —1 > 2. Let ¢ €]%,20 — 1[. According to [45, Ch. 1.3.3],
we find

(W5 (Q), W5 (2))e.g = (L(2), W5 (Q)26-14 = (LYRQ), W5 (D))¢1 = C(Q).
ii) One knows the (classical) embedding
WS (T W Q) N L2 (J; W5(Q) = C(T: (Wp(Q), W5 (Q);_1,), (5.3)

cf. [4, I11.4.10]. Thus, if 1 — % > % + 2%, or, equivalently, s > 2(1 — %)*1, then one

has for any7’€]%+zﬂq,lf%[
C(T; (W (), W5t (Q)), -1 ) = C(J; (W5 (), W5(Q))r,e) — C(T;C(Q)),
according to i). O

Recall from Definition 2.9 the operator A(c) for a coefficient function o : JxQ —
M,,. We consider the special case o(t,z) = ¢(t,z)p(z) for a coeflicient function
p : Q — M, and measurable function ¢ : J x Q@ — R, both bounded. Moreover,
denote by 7, the point evaluation in Ty, cf. (5.3). This gives rise to the continuous
linear operator

(0 + Alpp),yry) + WHH(J, W H(Q)) N L (J; W (Q))
= L*(J; W Q) x (WH9(Q), W, 1(Q))

1 .
508

The following lemma establishes non-autonomous maximal parabolic W, 1’q(Q)—
Wllj’q(Q) regularity of A(pp) for continuous functions ¢ with positive lower bound.

Lemma 5.5. Let n = 3 and s €]1,00[. Suppose that p is a measurable coefficient
function on Q and that ¢ € C(J x Q) with lower bound 0 < ¢ < . Adopt Assump-
tion 2.4 and assume that —V - pV +1 is a topological isomorphism between Wé’q(ﬂ)
and W, 9(Q) for some q > n.
i) For every f € L*(J; W5 4(Q)) and ug € (Wé’q(Q),ng’q(Q));7s, there exists
a unique solution to the problem ’

u'(t) = V- ot)pVu(t) + u(t) = f(t), u(To) = uo (5.4)

which is from W (J; W5 9(Q)) N L3 (J; WHY(Q)).
i1) The operator (O + A(ep), 'yTO) is continuously invertible and the mapping p —
(0 + A(pp),y1,) "t is continuous.

Proof. First, [6, Thm. 11.5] yields maximal parabolic regularity in L*(.J; WD_l’q(Q))
for each of the operators —V-¢(t)pV+1. For each t € J, the operator —V-p(t)pV+1
is still a topological isomorphism between W5%(Q) and W, "4(Q), see [15, Thm.
6.2] — note that this is the (only) point in the proof where space dimension n = 3 is
the limiting factor. In particular, the domain of the operators is uniformly Wé’q(ﬂ).
Since the mapping

ts =V -p(t)pV + 1€ LWLUQ); W,bY() (5.5)
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is continuous, [3, Thm. 7.1] shows existence of the unique solution u in the correct
space. By [3, Thm. 3.1], this is equivalent to continuous invertibility of (9; +
A(ep), 7). Due to
sup | = V- 0x(£)pV + V- 0(O)pV | cowraiqyws oy < lolleeller = ollogxa),
ted

the operators A(prp) converge to A(pp). This implies also convergence of (9; +
Alerp) 1)~ 0

Remark 5.6. For initial value 0, the results of Lemma 5.5 may also be transferred
to the operators d; + . A(pp) on Wy *(J; W5 9(Q)) N L (J; W59(Q)) with values in
L3(J; W5 5(€)) in a straightforward way (see also [3, Thm. 3.1]). For s > 2(1 —
g)_l, the operators (9; +.A(¢p))~* as just established and the one in Theorem 2.13
(with u(t,-) = @(t)p(-)) then indeed agree on L*(J; W5 4(€)) and we directly
obtain
Wy (J; Wi () N L (J; W () = C%(T x Q)
completing the usual collection of embeddings from Lemma 5.4.

«

It follows the proof of Theorem 5.3

Proof. We choose an arbitrary function u € W (J; W, "9(Q)) N L3 (J; W5(Q))
with the initial value u(7Tp) = wp (due to the very definition of the interpolation
space which wg is from, this is always possible — we may, for instance, choose
t— ev"’v(t_TO)wo). Note that, due to Lemma 5.4, u is a continuous function on
J x Q. Set w = u+wv. The equation under consideration then becomes an equation
in v, since w is fixed, that is, we now have to solve

V' =V p(u+v)pVv+v=Fut+v)—u +Vo(ut+v)pVu—u, v(Tp)=0. (5.6)
To this end, we consider for ¢ € C(J x 1) the equation
V' =V d(u+)pVo+v=Flu+y)—u +Vo(u+)pVu—u, v(Tp)=0. (5.7)

and define a function 7(¢) = v, such that v € Wh2(J; W, 2(Q)NL2(J; W52 (Q))
solves (5.7) (this is well-defined due to Proposition 2.10). Clearly, a fixed point of
T would yield the searched-for solution for (5.6). Let us construct an appropri-
ate setting: First, the set of all right-hand sides in (5.7) is bounded in the space
L*(J; W5 9(Q)) — boundedness of F in L*(J; W5 %(Q)) over C(J x Q) was an
assumption — and for the divergence-term we estimate for every t € J as follows:

IV6l0) + U)oy = o

A ¢(u(t) + ¢ (t)pVu(t) - VCdx

7 :1
wpe (@)

<@ llpllL= (@) [u(®)lly a0

hence

[Vo(u + w)pquLS(J;WBL‘?(Q) <¢ 1ol Lo () [lul Lo (J;wha (@) (5.8)
which is independent of ¢. As u is fixed, this means the right-hand sides in (5.7)

are contained in a ball around the origin in L®(.J; WBl’q(Q)), say, of radius r. Now
set

Bi= {v: /() + ACBp)u(t) = 9(t), v(Ty) =0,

with ||g|
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as a subset of W1H2(J; W5 2(2)) N L2(J; W5 (Q)). Theorem 2.13 shows that B is
in fact contained in a ball @, in some Holder space C*(J x ), which in turn is
compactly included in some ball Q. in C(J x Q). Clearly, T maps Q. to B C Q.
and the set {T(¢) : ¢ € Q.} is compact in Q.. Hence, the Schauder fixed point
theorem yields a fixed point v = T (v) in Q., provided we are able to show continuity
of the mapping 7 from Q. to Q.. So:

The mapping ¥ — ¢(u + 1) is continuous from Q. into C'(J x Q) by the Lipschitz
assumption on ¢, such that Lemma 5.5 implies that ¢ — (9; + A(¢(u + ¥)p))~!
is continuous from @, to the linear bounded operators from L*(.J; W, () to
Wy o (J; W5 b)) N L3 (J; W5Y(RQ)), cf. Remark 5.6. Thanks to the assumptions
on F, ¥ — F(-,u(-) + () is also a continuous map, hence the right-hand side
R(v) in (5.7) depends continuously on % (here one also uses the Lipschitz property
of ¢). For a sequence ¥ — ¢ in Q. we find via Lemma 5.4

1T () = Tl oza < C @ + Ald(u(-) + ¥ ()p) " R(®)
—(0 + A(D(u() + ¥r())) T RWk) [y (w19 @pynne (rwhaay)

and a simple triangle argument shows that this goes to 0 as k goes to infinity since
everything depends continuously on . This is exactly the searched-for continuity
of T.

Finally, a fixed point v of 7 obviously solves (5.6) and is, thanks to Lemma 5.5,
in fact from W, (J; W5 4(Q)) N L*(J; W59(Q)), making w := u + v a solution
of (5.1) in the optimal space W*(J; W, 9(Q)) N L*(J; W59(Q)). Concerning
uniqueness, one observes that both the right-hand side F and the operator w
=V - ¢(w)pVw + w satisfy all assumptions in the theorem of Priiss [43, Thm. 3.1],
if F satisfies the Lipschitz assumption in Remark 5.2. The quoted theorem then
yields uniqueness of the solution. O

Corollary 5.7. For fized wy, consider the set of admissible data {p, ¢, F} for the
problem (5.1) as in the assumptions of Theorem 5.3, where Ko, k1, ¢, ¢ and Cx are
fived. Then the set of associated solutions w4 r is contained in a ball in some
Hélder space C*(J x ).

Proof. Inspecting the proof of Theorem 5.3, one observes that the set B is always
the same for all data {¢, F} when ¢, ¢ and Cr are fixed, and that the bound of B
in the Holder space is also uniform in kg, 1 by Theorem 2.13. Hence, the size of
the set Q, is also uniform in kg, 51, ¢, ¢ and Cr. O

If the forcing term F in fact does not depend on w, we still obtain the following
useful result from Theorem 5.3 and Corollary 5.7.

Corollary 5.8. Let the assumptions of Theorem 5.3 be satisfied, with F(t,-) =
f() for some f € L*(J; W[_)l’q(Q)). Then, for every such f € L*(J; WD_I’q(Q)),
there exists a unique global solution w € W45 (J; Wi, M4(Q) N L (J; WSY(Q)) of the
equation

w'(t) = V- p(w(t))pVw(t) + w(t) = f(t), w(To) = wp.
In particular, the (nonlinear) solution operator, mapping f to w, transports bounded

sets in L*(J; ng’q(Q)) into bounded sets in C(J x ) for some o > 0 and fized
wo .
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Remark 5.9. With Theorem 2.13 and essentially analogous techniques as displayed
in this chapter, one might show existence of global Holder-continuous solutions to
semilinear equations with nonlinearities in the form as in Assumption 5.1, where
the coefficient functions in the divergence-operator are only measurable in time. We
omit the details.

6. Applications to Optimal Control. In this chapter we show that Holder esti-
mates, as established in various forms in the previous chapters, are not only interest-
ing by their own right but may also put to good use in optimal control theory. The
crucial point here is, of course, the compactness of bounded sets of Holder functions
in the space of continuous functions. We illustrate this in two ways, both of which
translate weak convergence of the forcing terms induced by weak convergence of a
parameter (or control) to strong convergence of the associated solutions (or states)
in the space of continuous functions. We do this for both a non-autonomous linear
equation and a quasilinear equation as in Theorem 5.3. Applications for such prop-
erties in optimal control theory range from existence theory for optimal controls
by standard arguments (see also Proposition 6.4 below) to second order sufficient
conditions for optimal control problems, see e.g. [10] or [13]. An exemplary setting
is given below.

Let X be a reflexive Banach space and consider a weakly continuous mapping
E: X — L°(J; W, L9(Q)). The first result is an immediate consequence of The-
orem 2.13 by noting that the operators (9, + A(u))~! are completely continuous
from L*(J; W;,9(€2)) to C(T x Q).

Proposition 6.1. Adopt the assumptions of Theorem 2.13. Let f € L*(J; ng’q (Q))
and up — @ in X. Then the solutions wi := w,, of

w'(t) = Valt, ) Vw(t) + w(t) = E(ur) () + f(t), w(To) =0
converge strongly in C(J x Q) to wg.

Remark 6.2. Proposition 6.1 may also be extended to nonconstant Dirichlet data
and/or initial data from W9(Q) as in Ch. 4 in a straightforward way. We did not
carry this out for the sake of simplicity.

Next, we add a control to the right-hand sides of the quasilinear problem in
Theorem 5.3 in the following way: Let X be a reflexive Banach space such that
X is a subset of the measurable functions on J with values in X. Let further
F:JxC(Q) x X = W) be such that

i) for each u € X, (t,w) — F(t, w,u(t)) satisfies Assumption 5.1 with the bound

Cr being uniform for u from bounded sets in X,
ii) the mapping v — F(-,w(-),u(-)) is weakly continuous on X for each fixed
we C(J x Q).

Note that the weak continuity assumptions on the superposition operators in-
duced by £ and F with respect to u are in particular satisfied if the dependence
on wu is affine-linear and continuous. Moreover, the assumptions imply that if
wr — w in C(J x Q) and up — @ in X, then F(-, we(-),ur(-)) = F(,@(:),a(-))
in L°(J; W, ().

Theorem 6.3. Adopt the assumptions of Theorem 5.3 (the unique solutions case)
and assume that the right-hand side is of the form § as above. Let up — 4 be
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a weakly convergent sequence in X and wy € (Wllj’q(Q),ng’q(Q))lvs. Then the
solutions wy := wy, of

w'(t) = V- o(w(t) pVw(t) + w(t) = F(t, w(t), u(t), w(To) = wo, (6.1)
converge strongly in C(J x Q) to wg.

Proof. Without loss of generality, we assume wy = 0 in the proof. One arrives at
this situation by repeating the “split-off”-procedure done at the beginning of the
proof of Theorem 5.3 and the obvious modifications from thereon without changing
the fundamental properties of the problem, as seen there.

The sequence (uy)x is bounded in X. Due to the choice of s > 2(1 — %)_1
and Lemma 5.4, we have wy € C(J x Q) for each k. The assumptions on §
and Corollary 5.7 then yield that the solutions wy are from a bounded set in
C(J x Q) for some a > 0. Hence, there is a subsequence (wy,); of (wg)r such
that wg, — w in C(J x ). We need to show that @ = wg. Re-inserting the
newly found convergence of wy, in the equations shows that the right-hand sides
F(-, wi, (), ug, () now in fact converge weakly to F(-,w(-), a(-)) in L*(J; W, (),
while (9; + A(¢p(w,)p)) ! goes to (0; + A(p(w)p))~! by virtue of Lemma 5.5.
However, the operators (9; + A(é(wy,)p)) ! are even completely continuous from
L3(J; W5 59()) to C(J x ) — this is Theorem 2.13 via Remark 5.6 — and thus
translate weak convergence to strong convergence in those spaces, even “diagonally”,
that is:

wi, = (O HA(S(w,)p) T wr, (), ur, () — (O Ad(w)p)) T F (- w (), a()) = w.
This limit implies that w solves
w'(t) = V- lw(t)pVuw(t) + w(t) = §(t, w(t), ut), w(To) =0,

which means exactly that @w = wg by uniqueness of solutions. Since this procedure
can be done for every subsequence with the same limit wg, the whole sequence (wy,)
must converge. O

We give an exemplary setting, where the previous result is needed: Suppose that
we want to minimize a certain objective functional J: C(J x ) x X — R in such
a way that w and u are connected by the equation

w'(t) = V- ¢(w(t) pVw(t) + w(t) = (L, w(t), u(t), w(Tp) = wo, (6.2)

with wg € (WB(I(Q),WBLQ(Q))%75, where we suppose that the assumptions from
Theorem 5.3 are satisfied such that for every u, (6.2) admits a unique solution
w = w,, which lies in W (J; W5 "(Q)) N L*(J; W5(2)). Moreover, let Xoq C X
be a subset of X representing admissible controls u, for instance such limited by
upper and lower bounds on their function value (with ad like admissible). Then the
problem under consideration is the quasilinear optimal control problem

min J (w,u) such that wu € Xaq and (6.2) holds (QLOCP)

with the set of feasible points
C={(w,u) € C(J x Q) x Xaq: (w,u) satisfy (6.2)} .

A common problem arising in applications and modeled by (QLOCP) is that one
wants to find a control w in such a way that the solution to the heat equation (6.2)
at the end of a given process or simulation time described by the interval J matches
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a given temperature distribution wy as well as possible. In this case, the objective
functional 7 may be chosen as

B
J(w,u) = [w(Ty) = wallZ20) + 5 llull%,

where 3 > 0 is a regularization parameter and wy € L?(Q2). The following theorem
then shows that this task and generally a large class of optimal control problems is
in fact well-posed in our setting:

Proposition 6.4. Suppose the assumptions of Theorem 6.3 and assume that Xaq
is closed and convex. Let J be lower semi-continuous on C(J x Q) x X and let
u = J(wy,u) be coercive on Xaq, if Xag is unbounded. Assume further that C is
nonempty and that J is bounded from below over C. Then the problem (QLOCP)
has an optimal solution U € Xag.

The reasoning is standard, see for instance [37, Ch. 1.5.2], but we give the proof
for convenience of the reader:

Proof. Due to the assumptions on C and 7, we know that the there exists a mini-
mizing sequence (wg,uy)r C C such that

lim J(wg,ur) = inf J(w,u).

k—o00 (w,u)eC
If X,q is bounded or u — J(w,,u) is coercive there, the sequence (ux)x is bounded
in X and hence contains a weakly convergent subsequence u;, — %. The assump-
tions on X,q imply that it is weakly closed, hence u € X,q. Theorem 6.3 fur-
ther shows that w,, — wg in C(J x Q). Now the weakly lower-semicontinuity
of J implies that lim;_ oo j(wukl ,Ug,) > J(wg, @), which means that J(wg,4) =
inf(w,u)EC j(wv u) ]

7. Concluding Remarks. It is not the intention of this paper to declare the
concept of Ladyzhenskaja et. al in [40] to be outdated or not adequate any more.
On the contrary, even nearly fifty years after it was first published, the results in [40]
are still highly relevant — if not in their original form, then at least in a guiding and
blue-print way, not accounting for the various hard facts it established. However,
in view of the modern techniques for negative Sobolev spaces and Holder spaces, an
exposition of results in current, up-to-date mathematical “language” seems in order.
In this sense, the preceding results could be seen as an adaption and translation of
the classical results and deep insights in [40] to modern techniques.

We mention some open ends in the previous considerations:

The results presented may be transferred to complex spaces as long as the coef-
ficient functions in the equations are real. In this case, one may consider the real-
and imaginary parts in the considerations each on their own.

Moreover, the “next step” in the great scheme would surely be maximal parabolic
LP-regularity for non-autonomous equations with coeffients which are only measure-
able in time. While it is already known that maximal regularity for operators A(-)
over an interval J implies maximal regularity for each of the autonomous operators
A(s) for s € J, up to now mostly some sort of continuity of the time-dependence
is assumed additionally in order to conclude maximal regularity, see e.g. [3] for the
corresponding result (already used in Lemma 5.5) and an overview. There is also
a sequence of related, very recent work [5], [14], [30] and [42] which follows Lions’
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Theorem 2.10 (see [12, Ch. XVIIL3]) in a slightly different direction (maximal reg-
ularity over the Hilbert space H). Also very recent is a positive result on maximal
LP regularity without any continuity assumptions on the time-dependence in [21].
Let us note that, in view of Ch. 6, maximal parabolic LP-regularity for only measur-
ably time-dependent non-autonomous evolution equations would allow for a concise
treatment of optimal control problems subject to these equations.

Finally, it would certainly be interesting to know which degree of Holder conti-
nuity one obtains in Theorem 2.13 in dependence on the coercivity-constant k¢ and
upper bound s of the associated coefficient matrix. Based on [16, Ch. 4] for the
elliptic case and the lack of related results apart from [40], at least such known to
the authors, this seems like a difficult question which might be worth investigating.

8. Appendix. In this Appendix we give the proof of Proposition 3.9. We start
with the following

Lemma 8.1. i) Let f € L*(J; L2(Z;R"1)) be given, and N(u,,t) be defined as

in (3.2). Then, for every u € Vy"°(J x E), every 9 € lefaE(J x 2), and every

te J, N(u,9,t) is well-defined. Moreover, for every u € V21’0(J x 2) and every
t € J, the linear form W7156=(J X E) 20— N(u,d,t) is continuous.

i) The set C'(J; Wy(2)) is dense in lefaz(‘] X E).

iti) For every Banach space X, the set C1(J) @ X = {E?Zl n; Qv 1 M €
C*(J),v; € X} is dense in C1(J; X).

Proof. i) is straight forward, cf. also [40, Ch. ITI.1]. ii) It is known that W2(J x =)
is isomorphic to L2(J; WH2(Z)) N W12(J; L?(Z)) — algebraically and topologically,
cf. [12, Ch. XVIIL.1.3]. Restricting this isomorphism to the set C< , (J x ),
which is dense in lefa:(J X =), one obtains that lefaf(‘] x 0Z) is isomorphic to
L2(J; Wy (2)) N WH2(J; L2(Z)). Moreover, it is also known that C'(J; W, *(Z))
is dense in L2(J; W, *(2)) N WL2(J; L3(E)), cf. [12, Ch. XVIIL.1.3]. iii) is again
straight forward. O

It follows the proof of Proposition 3.9.

Proof. 1) Each continuous linear form on W}’q/(E) may be extended by the Hahn-
Banach theorem to a continuous linear form on the whole W14 () = Wml’q/ (2)
under the preservation of its norm. In case of F = () the representation (3.4) is
well-known, including the corresponding estimates, see [41, Ch. 1.1.14].

ii) By i) and the embedding L°(J; W;l’q(E)) — L*(J; W;lz(E)) the equation (2.4)
can be written as

(W', v) = (V- uVu + u,v) = %/

- v
= = _— ¢ — d
<f7 /U> Agk,UU ;:1 gk:J axj X,

for all v € WE*(Z) < W}’QI(E) and then for almost all ¢ € Ji. In particular, the

test functions v may be chosen from WO1 2(2) — what we will do from now on. Take
now any function n € C1(J), multiply (8.1) with 1 and integrate from Ty to T € J;

1]

uv dx + / uVu - Vo + uvdx
- (8.1)
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one then obtains

T /4 T
/ (/uvdx)ndt—l—/ (/uVu~Vv+uvdx) ndt
7, \dt Jz T \J=

:Lu(T,x)(n@v)(T,x))dX—/Tj/Euaat(nQ@v)dxdt

T
+/ /uVu~V(n®v)+u(n®v)dxdt
T, J=

- /:/J;Xﬁvg’“o)(”@“) - Aji(;)(hgk,j)a(giwdxdt.
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Clearly, this equality extends to the linear span of functions from C1(J) ® VVO1 2(2)

and, by continuity of ¥ — M(u,¥,T) on lefar(‘] x Z) and density of C1(J)
Wy (Z) in the latter space, even to the whole lefa:(J x B).
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