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Preface

These lecture notes cover topics suitable for an introductory “5 credit point” (2+1 weekly
hours) course about the theory of optimization in function spaces. Students are assumed
to be familiar with general principles of functional analysis and nonlinear optimization.

The goal of the course is to give an abstract treatment of optimization problems posed
in infinite-dimensional spaces, which is—as far as time allows it—self-contained in its
presentation, giving students a theoretical background for further studies in the field of
infinite-dimensional optimization, in particular in connection with optimal control or gen-
erally PDE-constrained problems. After completion of this course, students should be able
to identify the underlying machinery for practical problems and follow their optimization
setup or execute it themselves.

We refer to the excellent textbooks of Brezis [Br10] and Nocedal and Wright [NW06] as
well as Ulbrich and Ulbrich [UU12] for references to functional analysis and basic PDE
theory and theory of nonlinear optimization, respectively. Topics of this course are (par-
tially) covered in, for example, the books of Bonnans and Shapiro [BS00], Schirotzek [Sc07]
or Hinze, Pinnau, Ulbrich and Ulbrich [HPUUOQ9].

The notes are based on lecture notes of Michael Ulbrich (TU Miinchen), Stefan Ulbrich
(TU Darmstadt), and Christian Meyer (TU Dortmund). Comments, suggestions, and no-
tification of errors are welcome by eMail at hannes .meinlschmidtOricam.oeaw.ac.at.


mailto:hannes.meinlschmidt@ricam.oeaw.ac.at
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1 Motivation and problem setting

1.1 Motivation

Modeling, optimization and numerical simulation of complex systems plays an impor-
tant role in physics, engineering, mechanics, chemistry, biology, medicine, finance, and in
many other disciplines. These models often use ordinary or partial differential equations
to describe the system, which means that the resulting optimization problems involve
generically infinite-dimensional objects such as functions, or in general quantities that live
in Banach spaces. (Thus, most often, function spaces are involved.) There is a rising inter-
est to solve optimization problems involving such models and there are many fascinating
applications. We give a (totally incomplete) selection of examples:

* Optimal space mission design,
* optimal control of robot movements,

* identification of model parameters by means of measurements [— inverse problems],
e.g.
— geological material properties from seismic measurements,

— data assimilation: initial conditions for weather and climate models from scat-
tered observations of all kinds (weather stations, satellite data, etc.),

— tomography

— derivation of parameters (e.g., volatility) in models for option pricing (Black
Scholes PDE) from market prices (— mathematical fincance),

* optimal control of actuators, built on the surface of an aircraft, to avoid noise gener-
ation, material fatigue, or vortex generation,

* optimal radiation therapy planning,

* optimal design of the body of a ship,

* optimization of the shape of a wing, a turbine blade, etc.,
* optimal control of laser hardening of steel,

* optimal control of crystal pulling (heating, pulling speed).

The aim of this course is to develop a rigorous theory and establish methods for infinite
dimensional optimization problems. This provides the appropriate framework for inves-
tigating and solving the above problem classes.

An exemplary, PDE-constrained problem could look like this:
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Example. The following is an optimal boundary control problem for a semilinear elliptic
equation:

min 3 [ () —ya) dx+ 5 [ a1 ()
~Ay+y°=0 onQ,
dy
1. =< =
s 5 +y=u ond(),

a<u<b ond),

possibly arising from (stationary) nonlinear heat transfer. The goal is to find an ambi-
ent temperature u such that the temperature profile y in (3 C R" (e.g., a work piece)
is as close as possible to a given desired temperature profile y;. Thereby, the ambient
temperature must stay between bound functions a and b which represent e.g. physi-
cal or process-related limitations, and a trade-off between optimization accuracy and
heating cost is possible by the parameter a.

We will come back to this example later. The fundamental (theoretical) questions which
we will consider in this lecture with respect to infinite-dimensional optimization problems
are as follows:

¢ [s the problem well posed to begin with, that is: does the problem admit an optimal
solution at all?

¢ If so, can we characterize optimal solutions? This means, under which condition are
there necessary and sufficient optimality conditions of e.g. first and second order?

The latter optimality conditions are also a very useful starting point for numerical algo-
rithms to find an optimal solution.
1.2 Problem setting

The fundamental general problem class is given by

5}2;} f(x) st G(x) €K, (P)

with the feasible set (zulassige Menge)

Fi={rex:G(x) ek} :=G[K].

We pose the following fundamental assumptions on the data in (P):
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Assumption 1.1 (Problem data). The following properties of the data in (P) are valid:
(@) G: X — Z is a continuous mapping between real Banach spaces,

(b) K C Zis a closed convex set,

)
() f: X = Ris a lower semicontinuous objective function,
)

(d) the feasible set F is nonempty.

Note that F is closed in X under Assumption 1.1 since G is continuous and K is closed.
Let us moreover briefly recall the notion of lower semicontinuity.

Reminder: We say that the function f: X — R is lower semicontinuous
(unterhalbstetig) if for all x € X and all sequences (xx) C X there holds

X = x = li;ninff(xk) > f(x), (1.1)

or, equivalently, if the level set N¢(a) := {x € X: f(x) < a} (Niveaumenge) is sequen-
tially closed for all « € IR.

Lower semicontinuity can also be defined for functions f: S — R defined on a proper
subset S C X. One then considers sequences S > xx — x € S. The equivalent definition
via level sets however requires that S is closed.

The compact notation (I’) includes essentially all relevant situations which occur in par-
ticular problems. The two variations most often encountered are the following:

1. The total problem

min f(x) st E(x)=0, F(x)eC, xeM,

xeX
where the continuous mappings E: X — Z; and F: X — Z, take their values in
Banach spaces Z; and Z,, the set C C Z; is a closed convex cone, and M C X is

a closed convex set. This is a problem of type (P) for Z = Z; X Z; x X and K =
{0z,} x C x M with G(x) := (E(x), F(x), x).

Reminder: Recall that a set C is called cone if from x € C it follows that Ax € C for all
A > 0.
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2. Often, the variable x € X = Y x U has two components x = (y,u), with u be-
ing a control (Steuerung), design or parameter within the system, and y being the
associated state (Zustand) of the system. They are linked by the system dynamics
described abstractly by E(y, u) = 0. Problems of this particular structure are called
optimal control problems. In this context, one often encounters problems in reduced
form (as opposed to the total problem above), that is,

min j(u) st H(u)€C, ue€ Uy.

uel
These are obtained from the total optimal control problem by eliminating the state
equation E(y,u) = 0. This is done by showing that for each u there exists a unique
state y = y(u) such that E(y(u),u) = 0, and inserting the so-called control-to-state
operator (Steuerungs-Zustands-Operator) y(u) for y, that is,

j(u) = f(y(u),u), H(u) = F(y(u),u), Uuq:=M,Ny '[M)]

where M = My x M, C Y x U. Of course, the state equation E(y(u), u) = 0 is then
superfluous because it is always satistied by construction. Such a reduced problem
is of formally easier nature, but with (much) more involved functions j, H due to the
control-to-state operator u — y(u).

Remark 1.2. The conditions F(x) € C or H(u) € C with C denoting a closed con-
vex cone can be interpreted to describe abstract inequality constraints. If for instance
Zy; = R™ and C = (—o0,0]™, then the constraint F(x) € C is the same as F(x) < 0
(component-wise), which corresponds to the standard inequality constraints in non-
linear programming. Note that there is an order structure on C in this case. This addi-
tional structure is quite helpful in several situations. We will come back to this later.

Remark 1.3. (a) Asin Assumption 1.1, we will always assume all occurring Banach
spaces to be real in the following, even if it is not mentioned explicitly.

(b) Over the course of this lecture, we will also consider first order necessary op-
timality conditions for problems of type (P). Differentiability assumptions on f
and G will then be stated as required.

2 Existence of Solutions

We first discuss the question of existence of solutions to the problem (P). The easiest case
is that of a compact feasible set.
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Theorem 2.1. Consider (P) and let Assumption 1.1 be satisfied. Assume further that there
exist a sequentially precompact set C C F and xo € C such that f(x) > f(xg) for all
x € F \ C. Then (P) possesses a global solution.

Proof. By assumption, no point in F \ C provides a lower objective function value than
xo € C. Hence, we can restrict our search for the minimum on the set C, which is se-
quentially precompact and nonempty. Now, consider a minimizing sequence (x;) C C
satisfying f(xx) — f* = inf,c r f(x). Due to sequential precompactness of C, there exists
a subsequence, again denoted by (xy), that converges to a limit . The feasible set F is
closed, hence there holds ¥ € F. Now, since f is lower semicontinuous, we have

f7 = lim f(x) = liminf f(xe) > f(x)

and thus ¥ € F is a solution of (P). O

Remark 2.2. Note that if F is already compact and nonempty itself, then the choice
C = F is perfectly valid in the foregoing theorem.

In infinite-dimensional spaces, compactness is a strong requirement, often: too strong. Re-

call that the closed unit ball Bx(0) in a Banach space X is compact if and only if X is
finite-dimensional! On the other hand, weak sequential compactness is often verifiable.

Reminder: We recall that (xy) converges weakly to x in X, written x; — x, iff
(x/,x3) = (x/,x) forallx’ € X*.

A set M is weakly sequentially compact (schwach folgenkompakt) if every sequence
(xy) C M admits a weakly convergent subsequence whose limit is again in M,
and a function f: X — R is weakly lower semicontinuous if x; — x implies

liminfy o f(x6) > £(2).

We now want to replace the compactness requirement in Theorem 2.1 by weak sequen-
tial compactness. This works particularly well in reflexive Banach spaces, since these are

precisely the ones for which the closed unit ball Bx(0) is weakly sequentially compact.

Reminder: A Banach space X is said to be reflexive if the canonical injection
J: X = (XM =X, (Jx,x') = (x,x) forallx’ € X*

is surjective (and thus a bijection).
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The most commonly encountered reflexive Banach space class are Hilbert spaces. Also
important, but, for p # 2 non-Hilbert, are the Lebesgue spaces L for 1 < p < co—L!
and L are not reflexive on nontrivial measure spaces—and the associated Sobolev spaces
Wk?, where k € IN. The fact that these spaces are reflexive plays a huge role in their
prevalence in functional analytic methods for PDEs.

We need the following facts from functional analysis:

Proposition 2.3 (See [Br10, Ch. 3]). Let X be a Banach space.
(a) Every closed convex subset of X is weakly sequentially closed.

(b) The space X is reflexive if and only if every bounded sequence contains a weakly conver-
gent subsequence.

(c) If f: X — R is convex and lower semicontinuous, then f is also weakly lower semicon-
tinuous.

(d) Any weakly convergent sequence in X is bounded.

The second statement in Proposition 2.3 in particular implies that the closed unit ball

Bx(0) in a reflexive Banach space X is weakly sequentially compact.

Note moreover that the third assertion is derived from the first since every level set Ny(«)
of f is convex (convexity of f) and closed (lower semicontinuity) and thus also weakly
closed, hence weakly sequentially closed. Therefore, f is weakly lower semicontinuous.

We obtain the following existence result:

Theorem 2.4. Consider (P) and let the following assumptions be satisfied:

(a) G: X — Z is weakly sequentially continuous from the reflexive Banach space X to the
Banach space Z, i.e., we have

e —x = G(x) — G(x)

for all sequences (xi) C X,
(b) f: X — R is weakly lower semicontinuous,
(c) K C Z is closed and convex,

(d) there exist a bounded set C C F and xo € C such that f(x) > f(xo) forall x € F\ C.

Then the problem () possesses a global solution.

Proof. By assumption, analogously to the proof of Theorem 2.1, there exists a minimizing
sequence (xg) C Cwith f(x) — f* := infyc r f(x). Since C is bounded and X is reflexive,
there exists a subsequence, again denoted by (xy), that converges weakly to a limit ¥ € X.
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Therefore, by weak sequential continuity, G(xx) — G(X) in Z. The closed convex set K is
weakly closed in Z, and thus K 5 G(xx) — G(x) € K. We conclude ¥ € F. Now, since
f: X — R is weakly lower semicontinuous, we obtain

f* = lim f(x) = liminf f(x;) > f(x).
k—o0 k—o0
and hence ¥ € F is a solution of (P). Il

Of course, Remark 2.2 applies again for Theorem 2.4. We note that weak continuity, as
assumed for G in Theorem 2.4, is a delicate topic when nonlinear functions are involved.
Generally, it is only to be expected to hold if the mapping under consideration is in fact
(affine-) linear and continuous (see the exercises), or if there is compactness involved.

Reminder: A continuous linear operator A € £(X;Y) between Banach spaces X and
Y is said to be compact if it maps bounded sets in X to precompact sets in Y.

Compactness is a very useful technique to transfer properties for the weak topology to
properties for the norm topology, as the following lemma demonstrates.

Lemma 2.5. Let A € L(X;Y) be a compact linear operator between the Banach spaces X and
Y. If (xx) C X converges weakly to x in X, then (Axy) C Y converges strongly to Ax inY.

Proof. Note first that weak convergence x; — x in X also implies Axy — Axin Y (why?).

Assume that (Axy) does not converge in norm to Ax in Y. Then there is a sufficiently small
neighborhood U/ of Ax in Y and a subsequence (Axy, ), such that Ax, ¢ U forall £ € IN.

On the other hand, the weakly convergent sequence (xy) is bounded in X, hence (Axy) is
a precompact set in Y. In particular, the sequence (Axy é) ¢ must admit a norm convergent
subsequence, still denoted by (Axy,),. Denoting the limit of that subsequence by y, we
must have y # Ax by construction. But then the sequence (Axy, ) also converges weakly
toy # Ax. Since (Axy, ), is a subsequence of (Axy), this is a contradiction to Ax; —
Ax. O

The ansatz to transfer properties for the weak topology to the norm topology is most often
used for embeddings.

Reminder: A Banach space X is said to be embedded (eingebettet) into another Banach
space Xy if there exists a continuous linear injective operator i: X — Xy, the embedding,
and we write X < X in this case.
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Since an embedding i: X — Xy is by definition injective, it is often most useful to identify
X with its image i(X) C Xp. In most cases, the embedding operator i is in fact given by
the identity mapping i = id: X — Xj. In this case, we usually do not refer to i explicitly.
(It is sometimes reasonable to do so, however.)

Definition 2.6. A Banach space X is compactly embedded in the Banach space Xj if
X — Xp and every bounded sequence in X contains a (strongly) convergent subse-
quence in Xp. Equivalently, the embedding operator i is a compact linear operator
from X to Xj.

Corollary 2.7. If the Banach space X is compactly embedded in the Banach space Xy, then
every weakly convergent sequence (xy) with limit x in X is norm convergent to the same limit
in Xo up to identification of X with i(X) C Xo.

Proof. Apply Lemma 2.5 to the embedding operator i: X — Xp. O

Using the foregoing corollary, we observe the following:

¢ If the embedding X — Xj is compact and fp: Xo — IR is lower semicontinuous,
then f == (fyoi): X — Ris weakly lower semicontinuous.

In fact, x; — x in X implies i(x;) — i(x) in Xo and liminf; . fo(i(xx)) > fo(i(x)).

¢ If the embedding X — Xy is compact and Gp: Xp — Z is sequentially continuous
from the norm topology of Xy to the weak topology of Z (strong-weak continuous),
then G := (Gy o i) is weakly sequentially continuous from X to Z.

This follows from

y—=xinX = i(xy) —i(x)inXo = Gol(i(xx)) — Go(i(x)) in Z.

We give an example for an optimal control problem to which we apply the above existence
theory.

Example 2.8. Consider the following optimal boundary control problem for a semi-
linear elliptic equation:

. 1 &
n;/lun](y,u) = EHy_de%Z(Q) "’EH”H%Z(BQ)

~Ay+y°=0 onQ,

dy
s.t. L 4y=
5, Ty=u on 0Q),

a<u<b onod),
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where () C R", forn = 2 or n = 3, is an open and bounded Lipschitz domain,
Ya € L?(Q), « > 0, and, with the surface measure w on 9(),

a,b € L?(0Q) with a<b w-ae.indQ.

Let U = L?(9Q) and Y = H!(Q), and
U,y = {u eU:a<u<bw-ae.in BQ}.

We consider weak solutions of the state equation encoded in E(y,u) =0, i.e.,

E:YxU—Y?

(E(Y, 1), 0)yuy = (VY, VO) 2y + (v*,0)12(00) + (¥ — 1,0) 120 forallv € Y.
This formulation is obtained by testing (that is, multiplying and integrating) the PDE
with v € H'(Q) = Y and integrating by parts. Note that, by Sobolev embeddings, we
have H!(Q)) — L%(Q) for n < 3 and thus y® € L?(Q). Moreover, for w € H(Q) there

is a well defined notion of the restriction w|yn € L?(9Q) and w — w|;q is continuous
between these spaces. (Why is this mapping not an embedding?)

One can show that for each u € U, the state equation possesses a unique solution
y(u) € Y. This defines the control-to-state operator U > u +— y(u) € Y. Furthermore,
there holds

lyGally < Cllully- (2.1)

with a constant C > 0 independent of u. The estimate (2.1) follows by choosing v =
y(u) in the weak formulation, which gives:

IV Y1122 + 1911720 + 19172000 = (W W)12000) < Nl 2o 1Yl 2 a0
1 1
< —||”||%2(aa) + §||y||%2(ao)-

By the generalized Friedrichs” inequality, there holds

191120y < CO) (199120 + 192000 |
with a constant C(Q2) independent of y, from which now (2.1) follows. (Work this out!)
In the terminology of (), we put

X=YxU, Z=Y"xU, K={0y}x Uy,

with G(y,u) = (E(y,u),u) and f := ]. We verify the requirements of Theorem 2.4.
There holds:
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(@) The mapping E: Y x U — Y* is weakly sequentially continuous:

In fact, Y = H'(Q) is compactly embedded into L>(Q)) for n = 2, 3. Further, the
function ¢(t) = t3 clearly satisfies

5

5
lp(t)] = 1t° = |13,

such that the superposition operator y + 1> is continuous from L (Q) to L3 (Q).
(Exercises!) Further, since Y = H'(Q) — L3 (Q)) densely, we also have the ad-
joint embedding (L% (Q)* = L3 (Q) — Y*. By Corollary 2.7 and the following

factorization diagram, this means that the mapping Y > y +— y® € Y* is se-
quentially continuous from the weak topology on Y to the norm topology on

Y*:
id =P 5 —
y —<4 5 5 5 3 ———— y*
compact continuous continuous

The operator (y,u) — E(y,u) — y° is linear and continuous from Y x U to Y*,
hence weakly sequentially continuous. Therefore, E is weakly sequentially con-
tinuous.

The second component of G is the identity id on U and as such obviously weakly
sequentially continuous. Overall, G is weakly sequentially continuous from Y x
UtoY* x U.

(b) The function | is convex and continuous on Y x U, hence weakly lower semi-
continuous by Proposition 2.3 (c). (Here note that Y = H'(Q) < L?(Q) and that
the norm on a Banach space is convex and by definition continuous.)

(c) U,gq C U is bounded, closed and convex.

(d) The feasible set F = {(y,u) € Y x U: E(y,u) =0, u € U,q} is nonempty and
bounded:

Since U,q is bounded, the set F is also bounded by (2.1). Further, (y(a),a) € F.

Thus, the assumptions of Theorem 2.4 are verified and there exists a globally optimal
solution to the semilinear optimal boundary control problem.

3 Optimality conditions

We now turn to optimality conditions for the general problem (P), both of first order ne-
cessary— and second order sufficient type. These will be conditions which characterize
optimal solutions of (P). Since (P) is in general a nonconvex problem, there will be possibly
multiple local solutions which are not necessarily also global ones. (The techniques in the
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previous section yield existence of a globally optimal solution, though!) We can in general
only expect characterizations of local solutions of (P).

Before we begin with the actual definitions and statements leading to optimality condi-
tions, we recall and define some concepts which will be needed in the following. Firstly,
from the name first or second order optimality conditions, it is clear that derivatives will
play a decisive role from now on.

Definition 3.1 (Differentiability). Let X, Y be Banach spacesandlet F: X O U — Y be
an operator between X and Y defined on an open subset U # @ of X.

(a) We say that F is directionally differentiable (richtungsdifferenzierbar)at x € U
if the limit . 0T
t —
dF(x, ) = lim LX) = F(%)
N0 t
exists for all i € X. In this case, dF(x, h) is called directional derivative of F at x in
the direction h.

(b) Moreover, F is called Giteaux differentiable (G-differentiable) at x € U if F is di-
rectionally differentiable at x and the directional derivative as a function in /, so
X 3 h— dF(x,h) € Y,isbounded and linear, i.e., it is given by a linear operator
A € L(X;Y) for which we set F/(x) := A.

(c) Finally, we say that F is Fréchet differentiable (F-differentiable) at x € U if F is
Gateaux differentiable at x and the following approximation condition holds:

ey

|F(x+ 1) = F(x) = F'(x)h]ly, = o(llkllx) forh—0inX.

(d) If F is directionally-/G-/F-differentiable at every x € V for V. C U open, then F
is called directionally-/G-/F-differentiable on V.

(e) If F is G- or F-differentiable on a neighborhood of x € U and the derivative map-
ping X > x — F/(x) € L(X;Y) is continuous, then we say that F is continuously
G-/F-differentiable.

Reminder: The o notation in the definition of F-differentiability means that

_ HF(x—I—h)—F(x)—F’(x)th_
h—0 ||k x -

so, when 1t — 0 in X, then the linear approximation error ||F(x + ) — F(x) — F'(x)h||,,
goes to zero much faster than |1 x.
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Remark 3.2. We note that there are concepts to deal with functions where the direc-
tional derivative is a nonlinear function in the direction 4, but an approximation con-
dition analogous to the one posed for F-differentiability holds true; this is so-called
Bouligand differentiability. We will however not need these concepts for this lecture.

Example 3.3. Classical examples for differentiable mappings in Banach spaces include
(see the exercises):

(a) Every bounded linear operator A € £(X;Y) is continuously F-differentiable and
its derivative in every point x € X is given by A.

(b) The quadratic form X > u — %a(u, u) € Rinduced by a (symmetric) continuous
bilinear form a: X x X — R is continuously F-differentiable and its derivative
inu € Xisgivenby h — a(u,h).

(c) The superposition operator given by sin: R — R is continuously F-differentiable
as a mapping from L*(0, 1) into itself with the derivative & — cos(f)h for every
f € L*(0,1). The operator is not F-differentiable as a mapping from L? (0, 1) into
itself forany 1 < p < co.

By imitating the proof for the finite-dimensional case, many classical formulas as the fol-
lowing are easily established. (Work this out!)

Proposition 3.4. Let X, Y and Z be Banach spaces.

(a) If F,G: X — Y are (continuously) F-differentiable, then so are aF + BG for every
a,B € Rand (oF + BG)' = aF' + BG'.

(b) IfF: X — Yand G: Y — Z are (continuously) F-differentiable in x € X and F(x) €
Y, respectively, then G o F is (continuously) F-differentiable in x and its derivative is
given by

(GoF)'(x) = G'(F(x)) o F'(x) € L(X; Z),
where the latter means that (G o F)'(x)h is given by the application of the operator
G'(F(x)) € L(Y;Z) to F'(x)h € Y for every h € X.

The first main goal of this chapter is to ultimately derive conditions under which, given
a local solution x of (P), a so-called Lagrange multiplier (associated to ) A € Z* exists.
The generic tools to prove existence of functionals in a dual space such as Z* are separation
theorems which we will use quite frequently. (Such arguments are also used in the finite-
dimensional case for Nonlinear Optimization, or even already in Linear Programming,
usually in so-called Farkas lemmas.) We thus recall the geometric, or separation, versions
of the fundamental Hahn-Banach theorem [Br10, Ch. 1.2].
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Reminder: For two subset A, B C X of a Banach space X, we say that the hyperplane

H= [f =« ::{xEX:(f,x>:zx}

induced by 0 # f € X* and «a € R separates (trennt) A and Bif (f,x) < aforallx € A
and (f,x) > a for all x € B. We say the hyperplane H strictly separates A and B if there
exists ¢ > O such that (f,x) <a —eforallx € Aand (f,x) > a+eforall x € B.

Proposition 3.5 (Hahn-Banach, geometric form). Let X be a Banach space and let A, B C
X be two nonempty convex subsets such that AN B = @.

(a) Assume that A or B is open. Then there exists a hyperplane separating A and B.

(b) Assume that A is closed and that B is compact. Then there exists a hyperplane strictly
separating A and B.

A general class of first order necessary optimality conditions is obtained by observing that
the Fréchet derivative at a local solution ¥ is nonnegative along all directions that are tan-
gential to the feasible set or point into the feasible set. These directions are characterized
by the tangent cone (Tangentialkegel) of the feasible set at the solution.

Definition 3.6 (Tangent cone). The Bouligand tangent cone (or contingent cone) of a set
M C X, where X is a Banach space, at x € M is defined by

T(M,x) = {d € X:3 () CM, x, — x, (7g) >0: mg(xg — x) —>d}.

The set T(M, x) is a closed cone for every x € M.

See the exercises for the proof that T(M, x) is closed. In the case when M is convex, a—
possibly—more intuitive description of T(M, x) can be derived using the conical hull.
This description relies on the idea that we are interested in all directions which point into
the feasible set. We need two more notions, which are however of independent interest
and will be used frequently in the following.

Reminder: Recall that the Minkowski sum of two sets A, B C X is given by
A+ B:= {a—f—b: ac A be B}
with the convention a + B := {a} + B, allowing to write the Minkowski difference as

A—B:= {ceX:c+BgA}.




14 3 Optimality conditions

Definition 3.7 (Conical hull, cone of radial directions). Let X be a vector space and let
@ # A C X be convex. Then the conical hull (konische Hiille) of A is given by

cone(A) = {/\x: x€eA A> 0}.

It is the smallest cone which includes the set A. More generally, the cone of radial direc-
tions of A in a point y € X is given by

cone(A,y) = cone(A —y) = {z eXiz=AMx—y), x€A A> 0}.

It is the smallest cone C such that A C y + C. See also Fig. 1.

y. ) + cone(A,
cone(A) Y (49)

Figure 1: Conical hull of A and cone of radial directions of A aty

Lemma 3.8. Let M C X be convex and x € M, then
T(M, x) = cone(M, x).

Moreover, cone(M, x) and thus T(M, x) are convex.

Proof. Let d € T(M,x). Then there exist (x;x) C M with x4 — x and (17,) > 0 with
dy := nx(xx — x) — d. By definition, (dy) C cone(M, x). (Set y = x and A = 1 for each k.)
Hence, limy_., d = d € cone(M, x).

Conversely, to prove cone(M, x) C T(M, x) it is sufficient to prove cone(M, x) C T(M, x)
since T(M, x) is closed. To this end, consider any d € cone(M, x). Then there exist A > 0
and y € M withd = A(y — x). Now set 1 :== kA and x; := x + (y — x) /k for k > 1. Then
Xx € M by convexity of M and x; — x. Further, 7 (xy — x) = A(y — x) = d. This shows
de T(M,x).

We lastly show that if M is convex, then so is cone(M, x). Since the closure of convex sets
is convex (why?), this implies that T(M, x) is convex, too. Let dy,d, € cone(M, x), i.e., for
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i = 1,2, there are A; > 0 and y; € M such thatd; = A;(y; — x). Then, for « € (0,1), we
have

1-a))
(1—a)dy +ady = ((1 —a)Ay 4+ ady) <(1_(a))‘i‘1)+i)\2y1 + (1_a§‘AAf+aA2yz — x).
Since M is assumed to be convex, (1 — a)d; + ad, € cone(M, x) follows. O

As apparent from the proof, the inclusion T(M, x) C cone(M, x) is always true, indepen-
dent of convexity of M. (Think of nonconvex set M where cone(M, x) Z T(M, x)!)

We now can state a first order optimality condition.

Theorem 3.9. Let f: U — R be defined on an open neighborhood U of the set M C X,
where X is a Banach space. Let ¥ € M be a local minimizer of f on M, i.e., a local solution of
min,ey f(x) and assume that f is F-differentiable at X. Then there holds

(f'(x),d)xx >0 foralld € T(M,x). (3.1)

Proof. For alld € T(M, x) there exist sequences (x;) C M and (1) > 0 such that x; — *
and nk(xk —X) —d.

We then have 0 (||xx — %[ x) — 0. Now, for sufficiently large k, there holds f(x;) > f(%)
since ¥ was a local minimum, and thus

(f'(x),d) = lim n(f'(%), x — %) = lim [Wk(f(xk) — f(%)) + o ([l — fHX)}

k—o0 k—o0

> i — X =0. ]
> kl_{{}oﬂkO(ka %)

We are interested in applying this result to the problem (P), i.e., with M = F. However,
the cone T(F, %) is difficult and often impossible to compute in practice. Hence, we ap-
proximate it by linearization and give conditions (so-called constraint qualifications) under
which the linearizing cone and the contingent cone coincide. We recall that the set K is
convex as in the basic assumptions in Assumption 1.1.

Definition 3.10 (Linearizing cone). Let G be F-differentiable at x € F = G~![K]. The
linearizing cone at x is given by

T/(G,K, x) = {d € X:G(x)d e T(K,G(x))}

= {d € X:G(x)d e cone(K,G(x))}-
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Remark 3.11. Note that due to convexity of K, the linearizing cone T;(G, K, x) is al-
ways convex. (See Lemma 3.8.)

Remark 3.12. For the classical NLP
min f(x) st g(x) <0, h(x)=0

with f: R" - R, g: R" — R" and h: R" — IR” continuously differentiable, given in
our setting for (P) by X = R"”, Z = R"™ x R?, G(x) = (‘zg;) and K = (—o0,0]™ x {0}7,
we indeed have (see the exercises)

T/(G,K, x) = {d e R": Vh(x)Td =0, Vgi(x)Td < 0 fori € A(x)},

where A(x) = {i: gi(x) = 0} is the set of active inequality constraints. This is the
standard linearizing cone from Nonlinear Optimization.

Our aim now is to infer from (3.1) that the optimality condition holds not only for di-
rections d from the cone T(F,X), using M = F, but also for directions from the cone
T;(G, K, x). This, however, is in general only true if T;(G, K, ) C T(F, X).

Definition 3.13 (Abadie Constraint Qualification). The Abadie Constraint Qualification
(ACQ) holds true at a point ¥ € F if the condition

T,(G,K,x) C T(F,x)

is satisfied. We call any condition which implies (ACQ) a constraint qualification (CQ).

Note that there are sets 7 where (ACQ) is never satisfied. For example, this is always the
case when T(F, x) is not convex, since we have noted in Remark 3.11 that T,(G, K, x) is
always convex. However, the reverse inclusion is always true.

Lemma 3.14. Let G be F-differentiable at x € F = G~ [K]. Then T(F,x) C T;(G, K, x).

Proof. For d € T(F,x) there exist sequences (x;) C F and () > 0 such that x; — x and
nk(xx — x) — d. Without loss of generality, we can assume 7 — oo (why?). We need to
show that G'(x)d € T(K, G(x)). As in the proof of Theorem 3.9, we find no (||xx — % x) —
0 and thus

Mk [G(xk) — G(x)] = G'(%) [k (xx — 2)| 4+ o ([|lxx — x[Ix) = G'(x)d.

Due to iy — oo, or, alternatively, continuity of G, we have G(x;) — G(x) and, of course,
G(x¢) € K for every k. We conclude G'(x)d € T(K, G(x)). O
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3.1 Robinson’s constraint qualification

The first CQ we consider is an algebraic-topological condition due to Robinson [Ro76]
and will be of great relevance. It will be used to prove the Karush-Kuhn-Tucker conditions
for (P), which are the most common form of first order optimality conditions.

Definition 3.15 (Robinson’s constraint qualification, regularity). We say that Robin-
son’s constraint qualification (RCQ) is satisfied for the problem (P) at ¥ € F if there
holds

0 € int(G(x) + G' (%)X — K). (3.2)

In this case, we also say that ¥ € F is reqular.

In this section we will show that (3.2) implies the ACQ. (So it is a CQ.) First, we establish
the connection to a well known CQ in the finite-dimensional case.

Example 3.16. Consider the case of an NLP
min f(x) st g(x) <0, h(x)=0

as in Remark 3.12. We will show that in this case (3.2) is equivalent to the Mangasarian
Fromovitz constraint qualification (MFCQ):

rank Vi(%) =p, IdeR": Vh(x)Td=0, Vg(x)Td <0 foric A(%). (3.3)

We now prove this equivalence: Let X be a feasible point for the NLP, so /(%) = 0 and
g(%) <0.
Let RCQ (3.2) be true for ¥ satisfying ¢(¥) < 0and h(x) =0, i.e.,

0 eint{< 8 )JFVZ(g()XT) ) :seR", ve (—oo,O]m}.

The lower block requires that Vh(%)T is surjective, which implies rank Vi(x) = p.
Now, let § > 0 and set w € R" by w; = —¢ if g;(X) = 0 and w; = 0if ¢;(X) < 0. Then

() < {C S 7) semnoe coar)

if we choose 0 sufficiently small. This means that there exist s € R" and v € (—oo,0]™

with ) .
(0)- (")
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Hence, Vh(x)Ts = 0 and, for all i with g;(¥) = 0:
Vei(®) s =w;+vj=—64+0v,< -5 <0.

Thus, the MFCQ (3.3) is satisfied for d := s.

Conversely, let the MFCQ (3.3) hold true and let d € IR" be the corresponding vector.
We show that there exists ¢ > 0 such that

B, gtr C {( g(x )Jrvz(g(;? S_v> :s€R", ve€ (—oo,O]’”}.

Firstly, from g;(%) < 0 for i ¢ A(X), we can find numbers 41, ¢ > 0 such that
gi(%) + Vgi(%)Ttd < =26, fori ¢ A(%).

Secondly, for i € A(%) we know that Vg;(¥)"d < 0, thus we can find another number
8y > 0such that Vg;(¥)Ttd < —26, for all i € A(X). But then we have

gi(%) +Vgi(%)Ttd < —26 fori=1,...,m,
where ¢ := min(é1,9;), and there exists p > 0 such that
gi(%) + Vgi(x)T (td +s0) < =6 fori=1,...,m
for all s9 € B, r#(0). From the rank assumption on V(%) in (3.3), we finally obtain a
number &1 such that B;, gr(0) € VA(X)TB, g (0) (Why?) and set ¢ := min(J, &1).

Now consider an arbitrary vector w = (i;!) € R with w € B, gm+y(0). Then we

also have ||w;||, < € fori = 1,2, and by construction of p and e there exists a vector
so € Bore(0) C R" with wy = Vh(x)Tsg = Vh(x)T(td + sp). Choosing s := td + so
and

vi= —w; + g(%) + Vg(%)'s

we find v; < ¢ —§ < 0 and thus v € (—o0,0]™. But this means that
v = (SO VEEs =)

Vg
Vh(x)'s
and, since w € B, gm+p(0) was arbitrary,

B, gm+»(0) C {(g( )—sz(g(;? ° _U) :seR", ve (—O0,0]m} ;

which is exactly Robinson’s CQ (3.2) for x. ]

A particularly interesting case for RCQ is the one where int K # &, which allows to obtain
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a slightly more direct formulation.

Lemma 3.17. If intK # @, then Robinson’s CQ for ¥ € F = G~ 1[K] is equivalent to the
existence of h € X with
G(x) + G'(x)h € intK, (3.4)

which is also called the Linarized Slater constraint qualification (LSCQ).

Proof. From (3.4) it follows that for > 0 sufficiently small there holds G(x) + G'(x)h +
le(g(O) C K. Hence,
Bzs(0) C G(x) + G'(x)h— K C G(x) + G'(¥)X — K

and RCQ is satisfied. We next show that if the LSCQ is not satisfied, then the RCQ also
fails to hold. So, let (3.4) be violated. This means that the convex sets G(%) + G’ ()X and
int K have an empty intersection. (Why is int K convex?) By the Hahn-Banach theorem as

in Proposition 3.5, the sets can thus be separated by a hyperplane [z’ = «], i.e., there exist
z/ € Z*\ {0} and « € R with

(z,G(x)+ G (x)h) > a > (Z,z) forallh e X, z€ K.
Now choose a vector v € Z with (z/,v) 7+ 7 < 0. Then for all t > 0 there holds
(z,G(x)+ G (x)h—z) > 0> (,tv) forallh € X, z €K,
which shows that tv ¢ G(%) + G'(X)X — K for all + > 0. But this means that Robinson’s
CQ (3.2) cannot hold. ]

There are also more sufficient conditions and equivalencies to RCQ, in particular for the
often-occurring case of multiple “blocks” of constraints with different structure. We collect
some useful cases in the following proposition. For the proofs we refer to the exercises.

Proposition 3.18. Let ¥ € F = G~ ![K] be given.
(a) If G'(x) € L(X; Z) is surjective, then RCQ is satisfied for X.

(b) Ljusternik’s theorem: Let K = {0z}. Then RCQ for X is satisfied if and only if
G'(%): X — Z is surjective.

Now let G be of the form

G:<Gl):X—>Z1XZ2:Z
G

and let accordingly K = Ky x Ky where K; C Z; fori =1, 2.
(c) If G1(%) € L(X; Zy) is surjective, then RCQ for % is equivalent to

0€ int(Gz(JZ) + Gy(%) (G4 (%) Ky — Gy (%)]) — K2>.
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(d) If G1(%) € L(X; Zy) is surjective and int Ky # @ in Zy, then RCQ for X is equivalent
to the existence of h € X such that

G1(%) + G (D) € Ky,

Gy(%) + Gh(%)h € intK,. (3.5)

In particular, if Ky = {0z, }, then the first of the two conditions in (3.5) collapses to
h € ker G ().

We want to show that Robinson’s CQ (3.2) implies the ACQ. To do so, we will need an
estimate that allows us to bound the distance of a point x from G~![K] by means of the
distance of G(x) from K.

Reminder: The distance of a point b to a set A in a normed vector space is given by

dist(b, A) = in£ |la —b]|.
ac

A special case of a celebrated result by Robinson provides such an estimate, cf. [BS00,
Thm. 2.87], see also [Ro76, Cor. 1] and [Ro76b]:

Theorem 3.19. Assume that Robinson’s CQ is satisfied at ¥ € F = G '[K] and let G: X —
Z be continuously F-differentiable near x. Then there exist constants ¢ > 0 and § > 0 such
that

dist(x, G '[K —z]) < c dist(G(x) + z,K) (3.6)

forall x € Bs x(%) and z € B 7(0), where

GlK—z] = {x €X:G(x)+ze K}

Remark 3.20.

(@) The condition (3.6) is called metric reqularity of G at X with respect to K. This is also
the origin of calling X reqular if it satisfies RCQ.

(b) For the special choice z = 0, we obtain
dist(x, F) < ¢ dist(G(x), K)

for all x € B; x(%).
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(c) In the case K = {0}, the metric regularity condition (3.6) is equivalent to
dist(x, {y € X: G(y) = z}) < c||G(x) —z]|z

for all x € Bs x(%) and z € Bs z(0).

Using Theorem 3.19, we finally prove that Robinson’s constraint qualification implies the
ACQ.

Theorem 3.21. Let G be continuously F-differentiable near X € F and assume that Robin-
son’s constraint qualification (3.2) holds at %. Then the ACQ is satisfied at X, i.e., T(F,X) =
Tg(G, K, J?).

Proof. We only need to show T;(G,K,x) C T(F;x), so consider an arbitrary direction

h € Ty(G,K, %). Then, by definition, G'(¥)h = v € T(K, G(%)) and there exist sequences
(zx) € K, (nx) > 0 such that zy — G(%) and vy := n;(zx — G(¥)) — v as k — oo. We can
always choose (z) and (7;) such that 7, — co (why?) and we suppose that this is the case
from now on.

By Taylor expansion, or the definition of F-differentiability, we obtain
G(x+n; 'h) = G(x) + G (2)n; "h+ r(h) = G(%) + 175 v + i ()
= z¢ + 17 (v =) +1e(h),

where ri (1) € Z with ||ri(h)||, = o(57 !||h]| x) as k — co. Hence, using Theorem 3.19 with

z = 0 (cf. Remark 3.20) and 7, 1 5 0, there exists ¢ > 0 and ¢ > 0 such that for all k > ¢
we have

dist(x + 17, 'h, F) < c dist(G(x + 1 'h), K)
<c|G(x+ 17k_1h) — ZkHz =c Hiyk_l(v — ) + rk(h)HZ.
Now, for each k > ¢, there exists an infimal sequence (x£,),, C F for dist(x + 1, 'h, F).
Thus there is mg(k) such that

1
%+ 17—k | < dist(% + 7, 1, F) + e for m > myo(k).

Accordingly, the sequence (x;) == (x (k)) r C F satisfies

mo

1
Hf—kn,;lh—kaX < cHn,;l(v—vk) +rk(h)||z—|—k—17k fork > /.

But this implies

[ (xx = %) = h||y < cllo—villz +cmo (Rl x) +1 50 ask— oo,
k

s0 Nk (xx — X) — h and also x; — X (recall that 7, — co). This proves h € T(F, x). O
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3.2 The Karush-Kuhn-Tucker conditions

We will take advantage of the easier structure of T;(G, K, %) to derive optimality condi-
tions of Karush-Kuhn-Tucker type under a constraint qualification. This will be achieved
by applying a separation theorem, cf. Proposition 3.5. To prove the required interior point
condition, Robinson’s CQ (3.2) is used once again in a form that will be derived now.

We give the first result in an abstract formulation to make the idea more transparent.
It builds upon the following extension of the open mapping theorem for multi-valued
functions, again due to Robinson ([Ro72], [Ro76b, Thm. 1]).

Reminder: The fundamental open mapping theorem says that if A € L(X;Y) is a con-
tinuous linear surjective operator between Banach spaces X and Y, then it is an open
mapping, i.e., 0 € int(AB, x(0)) for all > 0. The Banach space property for X and Y is
crucial here.

Note that the graph of a continuous linear operator A € £(X;Y), so the set {(x,y) € X x
Y: Ax =y}, is closed and convex, and if A is surjective, then 0 € int(AB, x(0)) for some
(and thus all) r > 0. Moreover, A is surjective if and only if 0 € int(AX). In this sense, the
following result is a true generalization of the classical open mapping theorem.

Proposition 3.22 (Generalized open mapping theorem). Let ¥: X = Z be a set-valued
function (i.e., ¥(x) C Z for all x € X) between Banach spaces X and Z whose graph

graph¥ = {(x,z) EXXZ:z€ ‘If(x)}.

is a closed convex set, and let z € int¥(X). Then z € int¥ (B, x(x)) for all r > 0 and all
x € Y7 1[{z}]

Lemma 3.23. Let A € L(X;Z) with Banach spaces X and Z and let C C Z be a closed
convex set with 0 € C. Then the following assertions are equivalent:

(i) AX+ cone(C) = Z, and

(i) 0 € int(ABX(O) +(C mW)).

Proof. We start with (ii) = (i). Let z € Z. Choosing ¢ > 0 sufficiently small, (ii) means
that

ez € ABx(0) + (CNBz(0)) = z€ AB.1x(0)+¢ '(CNBz(0))
and thus z € AX + cone(C). Since z was arbitrary, this implies (i).
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Now we turn to (i) = (ii). We employ the generalized open mapping theorem, setting

Ax+t(CNBz(0)) ift>0,

Y. XxR=Z, T(X, t) = {@ otherwise

Then by (i), ¥(X,R) = AX + cone(C) = Z and thus clearly ¥(0,0) = 0 € int¥(X,R).
Moreover, the graph of ¥ is closed and convex and, due to Proposition 3.22, we obtain

0 € int¥(Bx(0), B(0)) = int(ABx(O) +1[0,1)(C NWD
C int(ABX(O) + (Cmm)),

where we have used that 0 € C. O]

With Lemma 3.23, we are now able to give an alternative form of the RCQ: the Zowe-
Kurcyusz constraint qualification (ZKCQ) [ZK79] in a feasible point ¥ € F = G~![K] given

by
Z = G' (%)X — cone(K, G(x)). (3.7)

It is indeed equivalent to (RCQ), and even to the restricted version
0¢ int(c'(x)BX(O) — (K= G(x))n BZ(O))>, (3.8)

as the following lemma shows:

Lemma 3.24. Robinson’s constraint qualification (3.2) in X € F is equivalent to both forms
of the Zowe-Kurcyusz constraint qualification, that is

B2 < (7)) < (33)

Proof. The equivalence of (3.7) and (3.8) is exactly the statement of Lemma 3.23 for the
choices A = G'(x) and C = K — G(X), the latter being a closed convex set satisfying 0 € C
thanks to G(x) € K.

Robinson’s CQ (3.2) follows from (3.8) immediately due to the existence of ¢ > 0 such that

B.7(0) C G'(2)Bx(0) — ((K — G(%)) N B£(0)) C G(%) + G'(¥)X — K.

Lastly, from Robinson’s CQ (3.2) we infer the (ZKCQ) (3.7) by considering z € Z and
observing that for ¢ > 0 sufficiently small we find ez € G(x) + G'(%¥) X — K and thus

z€G'(2)e X —e (K- G(¥)) C G'(%¥)X + cone(K, G(%)).

Since z € Z was arbitrary, this implies (3.7). O

For stating the main result of this section, we need the notion of the polar cone.
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Definition 3.25 (Polar cone). Let @ # C C Z. Then the set
C°:= {z’ €72 :(Z,z)z+7 <0 forallz € C} C z*

denotes the polar cone of C, which is a closed convex cone.

Theorem 3.26 (First-order necessary optimality conditions). Let X and Z be Banach
spaces and K C Z be closed and convex. Further, let X be a local solution of (P) at which
f: X = Rand G: X — Z are continuously F-differentiable. Assume that Robinson’s con-
straint qualification (3.2) is satisfied at X.

Then there exists a Lagrange multiplier A € Z* such that the Karush-Kuhn-Tucker con-
ditions for (P)

f(%) +G'(%)"A =0, (3.9)
G(x) €K, AeT(KG(%))°, (3.10)

are satisfied.

Proof. To show the existence of a Lagrange multiplier, we define the set M C R x Z as
follows:

M= {((f’(x),mx*x o, G (x)h— v> heX, 0>00+G(%) e K}

The idea is to separate int M from the origin (0,0) in R x Z and to derive a Lagrange
multiplier from the separating hyperplane. Due to the linear appearances of 1,0 and v
and the convexity of K, the set M is quite obviously convex. Accordingly, int M is also
convex (why?) and clearly open. In order to apply the Hahn Banach separation theorem
as stated in Proposition 3.5, we need to show that (0,0) ¢ M and that int M is in fact
nonempty.

We first claim that (0,0) is a boundary point of M, so (0,0) ¢ int M. It is evident that
(0,0) € M, but every open neighborhood of (0,0) in R x Z must contain elements which
are not in M, namely at least those of the form (—7,0) for T > 0. In fact, assume that
(=7,0) € M for some T > 0. We show that this contradicts the local optimality of ¥
expressed by Theorem 3.9, which was

<f/(f)'d>x*,x >0 foralld € T(F,x) =Ty(G,K,%),

where we have already used that Robinson’s CQ implies the ACQ (Theorem 3.21). Indeed,
if (—7,0) € M for some T > 0, then there exist h € X and ¢ > 0 with (f'(%),h)x«x + 0 =
—7 < 0and G'(*)h = v € K— G(%). Butthen h € T;(G,K, x) and (f'(%), h)x+ x < 0. This
is the contradiction.
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Next, we show that M has a nonempty interior. To this end, we use that (3.2) implies (3.8)
as in Lemma 3.24. By (3.8), there exists 6 > 0 such that for any z € B;7(0) there exist

h € Bx(0) and v € K — G(%) with G'(%)h — v = z. Moreover, (f'(x),h)x x < |[f'(%)||x

due to h € Bx(0). This shows that [||f/ ()| y., o) x Bsz(0) € M, hence M has nonempty
interior.

Now Proposition 3.5 shows that (0,0) and int M can be separated by a hyperplane [(«,z") =
Bl, i.e., there exist &« € R and z’ € Z* with (a,z") # (0,0) such that

<(;X,), (:)> = zxt+<Z',Z>Z*,Z >p=> <(;X,), (8)> =0 forall(t,z) € M.

Inserting the definition of M, the foregoing inequality means that
“(<f/(x)'h>x*,x +0) + (Z,G'(x)h — v>z*,z >0
forallh € X, 0 >0, v e K- G(x). (3.11)

We will derive the KKT conditions (3.9) and (3.10) from this inequality. For h = 0,v = 0
and o > 0 we obtain « > 0. Now assume that « = 0. Then

(z/,G'()Ah — Av),, , >0 forallh € X, ve K—G(%), A >0,
from which we find that for « = 0, (3.11) implies that
(z',2),.,>0 forallz € G'(%)X — cone(K, G(%)).

From the (ZKCQ) (3.7) we obtain the contradiction z/ = 0, so we have a > 0. This allows

to multiply (3.11) by a~! and to obtain, setting A = a~12":

((f'(®),h)g x +0) + (A, G (F)h—v),., >0 forallhe X, 0>0,veK-G(%)
The choice h = 0 and ¢ = 0 shows that A € cone(K, G(%))° = T(K,G(x))°.
Further, choosing o = 0 and v = 0 shows that
<fl(x)’h>x*,x + (4, G'(f)h>z*,z >0 forallhe€ X,
which is the same as
(f'(%) +G'(2)"Ah)y. >0 forallh e X.

This implies
f(x)+G'(x)*A = 0.

Thus, the existence of a Lagrange multiplier is proved. O

So far, we have derived the KKT conditions under Robinson’s CQ and used the equiva-
lences to other conditions as proven in Lemma 3.24. One might wonder how restrictive
Robinson’s CQ or the equivalent (ZKCQ) (3.7) actually is. The following lemma proves
necessary properties for the set of Lagrange multipliers associated to (P) and shows that
these properties are also nearly sufficient for the (ZKCQ).
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Lemma 3.27. Let X € F be given and consider the set of Lagrange multipliers associated
to (P) given by

A(%) = {A € T(K,G(%))°: f'(%) + G'(%)*A = o}.

It is a closed and convex set characterized by the following assertions:

1. If the (ZKCQ)
Z =G'(x)X — cone(K, G(%)) (3.7)

or equivalently (3.8) or Robinson’s CQ (3.2) are satisfied in X, then the set A(X) is
nonempty and bounded.

2. Let conversely A (%) be nonempty and bounded. Then

Z = G'(x)X — cone(K, G(x)),

ie., G'(x)X — cone(K, G(x)) is dense in Z.

Proof. Closedness and convexity of A(X) are evident since the polar cone is closed and
convex (as an infinite intersection of closed half spaces) and the defining equation, so
f'(x) + G'(%)*A = 0, is linear and continuous w.r.t. A € Z*.

We start with (1), so let one of the equivalent constraint qualifications (3.2), (3.7), or (3.8) be
satisfied. Then Theorem 3.26 shows that A(X) is nonempty and the KKT conditions (3.9)
and (3.10) are satisfied, i.e.,

fl(x)+ G (x)*A =0, (3.9)
G(x) €K, AeT(K G(x))°. (3.10)

Dueto A € T(K,G(%))° = cone(K, G(%))°, we know that

(A,v—G(x)),., <0 forallve K.

Z*,7 —

Moreover, from (3.8) there exists § > 0 such that for all z € B; 7(0) there are h € Bx(0)
and v € K such that —z = G(x) + G'(%)h — v. Applying A to z yields
<}L,Z>Z*/Z = (A, 0—G(x) - G'(f)h>z*,z
= (4,0 =G(%)),. , = (f((®) + G (2)A,h) .  + (%), 1)y
< @llxlnllx < [If' ()]

But this shows that

X* X**

</_\’Z>Z*,Z <5 f ()] for all z € Bz(0)

X*
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since z € B; 7(0) was arbitrary, and thus
Iz <67 (®)]

Since this estimate is uniform in A, the set A(¥) is bounded.

X+

Now assume that A(%) is nonempty and bounded. We argue via contradiction, so assume
that there exists

ze Z\M with M :=G'(%)X — cone(K,G(x)).

The set M is clearly closed and convex and contains 0, so it is nonempty. We use Proposi-
tion 3.5 to separate Z and M: There exists an hyperplane [z' = a] such that

(Z,z),. ,>0>(Z,2),., forallze M.

(In fact, Proposition 3.5 states that there is a hyperplane H which even strictly separates
z and M. We will however not need the strict separation.) Since G’ (%)X — cone(K, G(X))
is a cone, so is its closure M, hence the foregoing inequality implies (z’,z)z+ 7 > 0 for all
z € M: The right-hand side is a fixed number and we are allowed to scale the left-hand
side by an arbitrary number A > 0 by inserting Az for z € M. The inequality can then only
be true if (z/,z) z+» 7 > 0 for all z € M, which in turn implies

(2, G (R)h+G(%) —v),., >0 forallhe X,veK (3.12)

We will derive that A + Bz’ € A(%) for every A € A(%) and B > 0 from this inequality.
Choosing v = G(X) € K in (3.12) shows that

(Z, G’(f)h>z*,z = <G'(f)*z',h>x*’X >0 forallheX
and thus (insert 1 € X and —h € X)
G'(x)*Z =0 in X" (3.13)
Conversely, inserting h = 0 in (3.12) implies

(z,0— G(f)>z*z <0 forallv €K,

Sl
z' € cone(K,G(x))° = T(K,G(%))°. (3.14)
Now finally consider A € A(X) satisfying
f(x)+ G (x)*A =0, (3.9)
G(x) e K, AeT(K G(x))°. (3.10)

From (3.13) and (3.14) we observe that
fl®)+G @) (A+p) =0,
G(x) €K, A+pZ e€T(K G(x))°,

so A+ Bz’ € A(x) for every B > 0. Letting B — oo gives a contradiction to the boundedness
of A(X). O
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Remark 3.28. A couple (0,0) # (x,A) € R x Z* satisfying the generalized KKT
conditions

af' (%) +G'(2)*A =0, (3.15)
G(x) e K, AeT(K G(x))°. (3.16)
is called generalized Lagrange multiplier. The functional z’ constructed in the second
point of the foregoing proof is a particular instance of a so-called singular Lagrange
multiplier (¢, A) = (0,2') € R x Z* satisfying the generalized KKT conditions (3.15)
and (3.16) for « = 0 and A # 0. If such a singular Lagrange multiplier exists, the set
A(%) can never be bounded, as seen in the foregoing proof.

One can show that, vice versa, the existence of a singular Lagrange multiplier implies
that

Z # G'(%)X — cone(K, G(x)).

This is seen as follows: Let (0,A) # (0,0) be a singular Lagrange multiplier. Then we
have by (3.15) and (3.16)

(A, G'(%)h—v),.,>0 forallh e X, v cone(K,G()),

and thus —A € (G'(%)X — cone(K, G(x)))° from which there would follow A = 0 if
G'(%)X — cone(K, G(%)) was dense in Z (why?).

Lemma 3.29. If x is a KKT-point, so A(X) # @, then

(f'(%),d)y.x 20 foralld € Ty(G K, ).

Proof. Ford € T;(G, K, %) there holds G'(x)d € T(K, G(x)). Now with A € A(%), we have
(f(@)d)y. x ==V G (@)d),. , 20

since A € T(K, G(x))°. O

The KKT conditions can be written very concisely by means of the Lagrange function
which we have already encountered in Nonlinear Optimization:

Definition 3.30 (Lagrangian). The Lagrange function or Lagrangian L: X x Z* — R
for (P) is given by

L(x,A) = f(x) + <A,G(x)>z*/z.
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Using the Lagrangian, the first KKT expression can be expressed quite comfortably by
L' (x,A) = f(x)+ G'(x)*A =0.

We next turn to particular cases of (P) and their associated KKT conditions.

3.2.1 The case of cone constraints

As mentioned earlier, in the case where K is a closed convex cone, the condition G(x) € K
can be viewed as an abstract inequality constraint. In fact, we define a relation <g induced
by —K by

z1 <K 22 <— zp—2z1 € —K.
If K is pointed (spitz), i.e., if z, —z € K implies that z = 0, then this is indeed a partial
ordering, see the exercises. (A non-pointed cone K is also sometimes called flat or blunt;
there is an unfortunate amount of different notions for properties of cones in general.)

Example 3.31. In a function space X consisting of functions defined on some set () C
IR?, the cone of nonpositive functions

K_ = {fe X: f(x) <0 foralmostall x € Q}

is pointed and induces the usual pointwise ordering of functions, so f <k g if and
only if f(x) < g(x) for almost all x € Q.

Remark 3.32. The seemingly unnecessarily complicated definition of the ordering <g
is tailored to the classical notion of nonlinear programs: z <g 0 means exactly that
z € K; so in case of cone constraints the standard constraint G(x) € K can be written
as G(x) <k 0.

Note however that the notation can be misleading, as the partial ordering induced by
the cone of nonnegative functions K (cf. Example 3.31) is given by f <y, g if and
only if f(x) > g(x) for almostall x € Q)....

We derive an easier representation of T(K, z)° for Z € K when K is a closed convex cone.
This is done using the annihilator.

Reminder: The annihilator A+ of aset A C X is given by
Al = {x’ € X*: (x',x) =0 forallx € A},

so the collection of all functionals x’ € X* for which A C ker x’.
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Lemma 3.33. If K is a closed convex cone and z € K, then

T(K,z)° = cone(K,z)° = K° N {z}*.

Proof. The first equality follows from A° = A" for every set A; see the exercises.

For the second equality: For every z' € K° N {z}+, there holds for all ¢ > 0 and all z € K:
(2, t(z — Z)>Z*/Z = t<z',z>Z*/Z — t<z’,Z>Z*IZ = t<z’,z>z*lz <0.
Hence, cone(K,z)° D K° N {z}+.
Conversely, let z/ € cone(K, z)°. Due to K being closed, we have 0 € K (why?) and thus
—z=1-(0—2) € cone(K, 2). This implies (z/, —z)z+ 7 < 0. On the other hand, as above,
(z,t(z—2)),., <0 forallz€K, t>0. (3.17)

Since K is a cone, z = 2z € K, so (z/,z)z+« 7 < 0 But this means that both (z/,2)z- 7z < 0
and (z/, —z) 7z« 7 < 0,hence z’ € {z}*. Then, in (3.17), (z/,z)z+ z < 0 for all z € K, which is
exactly the definition of z’ € K°. O

Reminder: Recall that a cone K is convex if and only if from x,y € K it follows that
x4y € K.Indeed, if K is convex, then }(x +y) € K, and since Kisa cone, 2 3 (x +y) =
x +y € K. Conversely, if x,y € K, then also (1 —t)x € Kand ty € Kif t € [0,1], and
then by assumption also (1 — t)x 4 ty € K and K is convex.

Hence, in the case of a closed convex cone K, the KKT condition
G(x) e K, AeT(K G(x))° (3.10)
can be written equivalently as a cone complementarity condition
G(x) €K, A€K° <7\,G(3€)>Z*/Z = 0.
Using the cone ordering notation from above, we can rewrite the latter yet again to
G(%) <k 0, A>k+ 0, (A,G(%)),., =0,

where Kt := —K° is the dual cone to K. The last representation quite exactly resembles the
classical KKT conditions from Nonlinear Optimization.
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3.2.2 The Slater condition

We now consider the case of convex problem, for which we first give a notion of convexity
in function spaces.

Definition 3.34 (Generalized convexity). Let K C Z be a closed convex cone. We say
that G: X — Z is convex with respect to —K (or <), if

G((1—t)x+ty) <k (1—1)G(x) +tG(y) forallx,y € X, t € [0,1],
or equivalently

(1-1)G(x) +tG(y) —G((1 —t)x+ty) € =K forallx,y € X, t € [0,1].

In case of F-differentiable and convex G, the Slater constraint qualification (or Slater condi-
tion), well-known from Nonlinear Optimization,

A% e F: G(£) €intK (3.18)

implies the Robinson CQ:

Lemma 3.35. Let K C Z is a closed convex cone and let G be F-differentiable and convex
with respect to <g. Assume that the Slater condition (3.18) is satisfied. Then RCQ (3.2) in the
form of the Linearized Slater CQ (3.4) is satisfied in every feasible point ¥ € F = G~ 1[K].

Proof. Using convexity of G and the fact that K is a cone, we observe that for every
t € (0,1] and ¥ € F we have

G((1—t)x+ %) — (1 —1)G(x) — tG(R)

K.
; S

Taking the limit ¢ ™\, 0 gives
G(x)+G(x)(2—%)—G() eK <<= G((x)+G(x)(*—x) € K+G(R).

By the Slater condition, there exists ¢ > 0 with G(£) + B, z(0) C K. Therefore,
C

T
G(%) + G'(%)(2 — %) + B, 2(0) C K+ G(£) + Be2(0) C K+ K = K.

Thus,
G(x) + G'(%)(#2 — x) € intK,

which is exactly the LSCQ (3.4) and thus equivalent to the Robinson CQ by Lemma 3.17.
O
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Remark 3.36. In the proof of Lemma 3.35, we have shown along the way that the
differentiable convex function G satisfies

G(y) = G(x) = G'(x)(y —x) € =K or G'(x)(y—x) <k G(y) - G(x) (319

for all x,y € F = G~ ![K]. This is exactly the analogue of the well-known characteri-
zation of classical convex functions f: R" — IR, given by

Vi)Y —x) < fy) - f(®).

The proof that (3.19) also implies convexity works again analogously to the classical
case.

3.2.3 Applications

We proceed by giving two examples for the KKT conditions in an optimal control setting.
The first one is still of rather abstract nature and incorporates control constraints, while
the second one is slightly more specialized and has state constraints.

Reminder: Let H be a Hilbert space. The Fréchet-Riesz representation theorem says that
there exists an isometric isomorphism T € L(H*; H)—the Riesz isomorphism—such that

(8 0)uu = (Tg,v), forallg € H*, v € H,

where (-, ) is the inner product on the Hilbert space H. In particular, ||g|| g+ = ||Tg||5-
In this sense, we can always identify a Hilbert space H with its dual H* up to the
application of the Riesz isomorphism.

Example 3.37 (Optimal control problem with control constraints). We consider a control-
constrained optimal control problem

min  J(y,u) st E(y,u) =0, u€ly (3.20)
(yu)eyxU

governed by the state equation
E(y,u) =0,

where E: Y x U — W is continuously differentiable, Y and W are Banach spaces, and
U = L2(Q) for a bounded domain () C R". The objective function J: ¥ x U — R is
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assumed to be F-differentiable and the control constraints are given by
Uyg = {u cU:a<u< ba.e.inQ}

with a,b € L2(Q) and a < b almost everywhere on ), so U,gq # @.

Let (7,7) € Y x U be a local solution to (3.20). We need a constraint qualification to
be satisfied in order to derive a KKT characterization for (7, i). To this end, we first
transfer the problem to standard form. This is obtained by identifying

X=YxU Z=WxU and K={0w}xUyqC Z,

aswellas ¥ = (7,1) and G: X — Z given by G(x) = (E(ij”)).

We have seen in Proposition 3.18 that G'(%) being surjective is a constraint qualifica-
tion by implying RCQ. To show that G’ () is indeed surjective, we need to show that
for any (w,u) € Z = W x U there exists (hy,, h,) € X =Y x U such that

¢/ = (FARD B (J) _ (),

where we have identified G'(%) with its Jacobian matrix type representation, see the
exercises. Due to the upper triangular form of this Jacobian of G'(%), it will turn out
that it is both sufficient and necessary to assume that Ej (7, i) is surjective in order to
have G’(x) surjective. In fact, looking at the second row in the foregoing equality, we
immediately see that necessarily h, = u. Thus, surjectivity of G'(x) is equivalent to,
for every (w,u) € W x U, being able to find &, € Y such that

E, (7, @)hy = w — E, (7, @)u.
But this is exactly the question of surjectivity of E; (7, ). (Choose any u € U and

consider w := E} (i, i)u) + v for arbitrary v € W.)

So, if we assume that

E, (7, 1) is surjective, (3.21)
then G'(%) is surjective and RCQ for (3.20) is satisfied. Hence, there exist a Lagrange
multiplier (pair)

A=(pfa) €2 =(WxU)"=W"x U =W*x L*Q)

33
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such that (3.9) and (3.10) are satisfied, i.e.,

Jy(@,@) + Ey(7,8)"p =0 in Y*,
Ju(9,@) + Ey(7,8)" p+ i =0 in L2(Q)),
E(7,1) =0 in W,

i€ Uy, feT(Uyg, ).
Note that {Ow }° = W*, thus the condition j € {0 }° is void.

We next consider T(U,g, i)°. Since U,q is convex, we have T(U,q, 1) = cone(U,g, i)
(Lemma 3.8). Using this, it is easy to see that

T(uad,b_l) = {h € LZ(Q)Z hl[ﬂ:a] >0, h|[ﬂ:b] < 0},

where [il = a] = {x € Q: #i(x) = a(x)} and analogously for [i = b]. Thus, T(U,g, i1)°
consists exactly of all functions s € L?(Q)) such that

/ h(x)s(x)dx <0 forall h € L*(Q) with hlig=q) >0, h|g=p < 0.
0
Solets € T(U,g,)°. Consider M C [ii = a]. Then xp € T(Uyuq, #1), where

1 ifxe M,

xm(x) = 0 otherwise.

—N—

Suppose that s|p; > 0 if the measure |M| > 0. We obtain

/ xm(x)s(x) dx —/ s(x)dx >0,

which is a contradiction to s € T(Uaq, #)°. Thus s|j;—, < 0 almost everywhere. By
the analogous argument with —xp1 € T(U,g, ) for M C [i@ = b], we find that
then s|j;—y) > 0 almost everywhere. Finally, consider M C [a < @ < b]. Then
+xm € T(Uag, %), and it follows that s, ;.5 = 0. It is easily seen that these con-
ditions together are also sufficient for s € T(U,q, #1)°. Hence,

T(Ung, 1)° = {5 € L*(Q): slja=q < O sljz=s] 2 0, slio<acs) = 0}
Hence, the multiplier I for the control constraints is an L?(Q)) function satisfying

Alla=a) £ 0, fla=t) 20, Alp<a<s) =0,

which is usually interpreted as a complimentarity condition for the control constraints
a<i<b.
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Remark 3.38. Note that int U,y = @ in U = L?(Q) as seen in the exercises, so there is
no other (practical) characterization of RCQ than surjectivity of G’(x) available in the
foregoing example.

Example 3.39 (Elliptic optimal control problem with state contraints). We consider an
optimal control problem with an abstract elliptic state equation, control on the right-
hand side and pointwise state constraints, that is, the constraints are of the form

Ay=Bu+b and y <.

The state equation is to be seen as an abstract form of an elliptic partial differential
equation in weak formulation by the following assumptions:

* 3 C R", wherel < n < 3,is a bounded Lipschitz domain,
e B € L(U;L*(Q)), where the control space U is a Banach space, and b € L?(Q),

e A€ L(H}(Q);H1(Q)) with A™! € L(H}(Q); H}(Q)), and additionally, the
mapping y — Ay defines a bounded, injective and surjective operator from the
state space Y = H}(Q) N H2(Q) to L?(Q). As a consequence, v — A~ v defines
the solution operator S € L(L*(Q);Y). See also Remark 3.40 below.

For the upper bound ¢ in the state constraint we suppose ¥ € C(Q2), and we describe
the state constraint by
Ey—¢p e K-

with the well-known cone of nonnegative functions in C(Q)

K_ = {q € C(Q): g(x) <O0forallx € ﬁ}
and the embedding £ € L(Y;C(Q)) granted by the Sobolev embedding theorem.
Together with the state equation E: Y x U — L2(Q) given by E(y,u) = Ay — Bu — b,
we collect all constraints in the function G: X — Z by setting X = Y x U and Z =

— E(y, )
L2(0) x C(Q) and G(x) = (5/) € K with K = {02} x K—.

Since intK_ # @ in C(Q), the following linearized Slater-type assumption will be
sufficient for RCQ at any feasible point (7, i) for this problem: There exist # € U and
7€ Ywith Aj = Bi+band £J — ¢ < 0on ), so (7,11) is feasible for the equality
constraint and satisfies the inequality constraint strictly.

35




36 3 Optimality conditions

Indeed, since A: Y — L2(Q) is continuously invertible, it is in particular surjective,
and so is E; (y,u) = A and thus E'(y,u) for all (y,u) € Y x U. Let (§,i1) € Y x U be
feasible. Then (hy, h,) := (§ — §,1 — ii) satisfies

Hence, we have (hy, h,) € ker E' (i, i1). Moreover, from £ — ¢ € int K_ we infer
EJ—¢Y+Ehy=E9—1 €intK_,

and in (3.5) in Proposition 3.18 we have seen that surjectivity of E’'(, i) and the ex-
istence of (hy, hy) € Y x U with the mentioned properties is even equivalent to RCQ
for this problem.

Hence, under the assumption that (7, i) as above exists and letting J: Y x U — R be
F-differentiable, we obtain a KKT characterization of a locally optimal control (7, i)
for the problem

i , t. Ay=Bu+b, <
(y,ﬂ?xu](y”) s y=Bu+b y<y

as follows:

There exist p € L2(Q)* = L?(Q) and ## € C(Q)* such that

Jy(g,8) + A*p+ER=0 in Y*,
Ju(y, @) —B*p =0 in U*,
Aj=DBi+b in L2(Q)),
Ej—9p <0 in C(Q),
peTK,Ef—p)° =K N(EF—v)* in C(Q0)*,

where the last equality follows from Lemma 3.33, since K_ is a closed convex cone.

The last conditions can be rewritten as a complimentarity condition
Ej—¢p <0, pek?, (iEy-— l/’>c(§)*,c(§) =0.

Here, one can show [La93, Ch. IX, Thm. 4.2] that there indeed holds C(Q)* = M(Q)),
where M(Q) is the space of (real) regular Borel measures on () with the total variation
norm

Ml = #1@ = sup [ odp.

Ioll e <17




Optimization in Function Spaces

Thereby, the dual pairing of 4 € M(Q) = C(Q)* with f € C(Q) is given by

<P‘ff>M@),c(§) = /Qfdl/‘-

Further, i € K® means that fi > 0 in the sense of (ji,g) < 0 for all functions g € K_.

From these properties it follows that the above complementarity condition can be
written as

Ej—¢p<0, 7>0, A([g—p<0])=0

or, in other words

Remark 3.40. The regularity assumptions on A in Example 3.39 are to be understood
as follows: The basic assumption says that for every f € H~1(Q)), there exist a unique
y € H}(Q) such that Ay = f and a constant C > 0 independent of f such that

||y||H3(Q < CHfHH*l(Q)'

This is the classical result obtained by the Lax-Milgram lemma for large classes of el-
liptic partial differential operators [Br10, Ch. 5.3], such as exemplarily the divergence-
gradient operators y — —div(u#Vy), complemented with homogeneous Dirichlet
boundary conditions, in their weak form given by

(Ay, 9) = /Q(Wy) -Vodx for ¢ € Hy(Q),

where u € L®(();S,,) takes its values in the space S, of symmetric n x n-matrices and
satisfies the coercivity- or ellipticity condition: There exists py > 0 such that

ol u(x)v > uo|lv||3 forallv € R for almostall x € Q.

(Compare also with the weak form of the negative Laplacian —A, so the divergence-
gradient operator with y being the n x n-identity matrix, in Example 2.8.) See the
exercises.

Since the underlying partial differential operators are of order two, the assumption
A7l e L(H1(Q); H{(Q))) can be seen as a maximal Sobolev regularity result in the
sense that A and A~! operate exactly between Sobolev spaces with a gap of differen-
tiability of order two, namely H}(Q) and H1(Q).

The additional assumption on A then requires the following: If the right-hand side f
in the equation Ay = f is actually from the better space L2(Q)) — H~!(Q), then this
additional L2-regularity for the data implies additional H?-regularity for the state y,
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soy € H}(Q) N H2(Q) with a continuous dependence of y on f, in the sense of the
existence of a constant C > 0 independent of f such that

Wil + ¥l < Clf iz

Of course, this additional assumption is again a maximal Sobolev regularity property,
but unfortunately, proving such a property is quite difficult, even for the Laplacian.
It can be shown, e.g., if ) is of class C!'! and the coefficients uij of the operator A are

uniformly continuous on Q, cf. [GT01, Thm. 9.15].

Remark 3.41. In the foregoing Example 3.39, consider again the KKT condition or
adjoint equation

A'p+ & = —]y(7,1).
The operator A* € L(H}(Q); H 1(Q)) N L(L?(Q); Y*) can also be considered as an
elliptic partial differential operator. (Also, since A is continuously invertible, so is A*.)

Thus, the foregoing adjoint equation is also an elliptic PDE for the adjoint state p and
one can make use of smoothing effects of a PDE solution operator.

For the right hand side in the adjoint equation, we only have Jy (7, i) € Y* in general.
But if in fact | is already F-differentiable from Y x U to R, where Y is densely embed-
ded into Yp—for instance, if Yo = H}(Q) or Yo = L?(Q)—, then Jy(#, %) € Y5 < Y~
and additional regularity for the adjoint state p may be derived from the adjoint equa-
tion. (In the present case, the regularity of p is however limited by the presence of the
measure ji, so we will not be able to obtain full regularity in general.)

Note that a similar effect can also occur for the optimal control i from the KKT condi-
tion J} (7, i) = B*p, since often ], (i7,1) = pii for some f > 0. (See e.g. Example 2.8.)

Then ;
I(g,a4)=Bp <+ ia= BB*p.

See the exercises.

3.3 Sufficient optimality conditions

The KKT conditions give a satisfying characterization of (first-order) necessary optimality
conditions. Of course, we are also interested in sufficient conditions. Such conditions are
of particular interest in view of numerical algorithms. Also, they often include that the
optimal point in question is an isolated optimum, which is an extremely useful property
in the numerical analysis of optimal control problems.

We will however see that the situation is quite more delicate than in the finite-dimensional
case and that the standard second-order sufficient condition from Nonlinear Optimization
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will in general not be sufficient in infinite-dimensional settings any more. We begin with
the particular and important case of a convex problem, where everything still works out
just fine.

3.3.1 The convex case

In the convex case, the KKT conditions alone already turn out to be also sufficient for
global optimality:

Theorem 3.42. Let X and Z be Banach spaces. Suppose that f: X — R is convex and F-
differentiable, G: X — Z is F-differentiable and convex w.r.t. —K, where K is a closed convex
cone. Further, let x € F = G~ Y[K] be a KKT-point of (P), so A(X) # @. Then % is a global
solution of (P).

Proof. Recall from (3.19) that since f: X — R and G: X — Z are convex—the latter
w.r.t. <xk—, we have the inequality

f(x)—f(x) > (f'(x),x —%)x x forallx € X
and the inclusion
G(x) - G(x)+G'(x)(x—x) € K forallx € F
at hand. Now, for x € F, we have K + G(x) C K since K is a convex cone, and hence
G'(x)(x —x) € (K4 G(x)) — G(x) C K— G(x) C cone(K, G(x)) C T(K,G(x))

for all x € F. (Recall Lemma 3.8.) But then optimality of ¥ is immediate from the KKT
conditions (3.15) and (3.16) for all x € F as follows:

£(x) = (%) > (F(®),x = o x = —(C' (DK, x - %)y

= —(A,G'®)(x=1%)),. , >0,

since G'(x)(x — %) € T(K,G(x)) and A € T(K, G(%))° as seen above. O

Remark 3.43. Note that we have only supposed A(%) # @ in Theorem 3.42 instead of
¥ regular, i.e., we have not needed a constraint qualification.




40 3 Optimality conditions

3.3.2 Second-order sufficient conditions

We next plan to use second-order information to augment the KKT-conditions such that
they become sufficient, also in the case of a nonconvex problem.

Reminder: The second derivative h” (%) of a twice F-differentiable function h: X — Z
is given by the F-derivative of the mapping /’: X — L(X; Z), and is thus a mapping

W' X — L(XL(X2)) 2 L2(X x X;Z),

where £2(X x X; Z) denotes the space of continuous bilinear forms on X x X mapping
into Z.

As a first step, we define the critical cone as a subset of the linearizing cone.

Definition 3.44 (Critical cone). The critical cone at X € F is defined by

C(x) = {d € Ty(G,K, %): (f(%),d)x x < o}.

Suppose that ¥ € F is a KKT-point of f on F, so A(%) # @. Then we have already seen in
Lemma 3.29 that there are no directions d € C(%) with (f'(x),d)x- x < 0. Accordingly, in
this case, the critical cone becomes

C(x) = {d € T(G,K,%): (f'(%),d)x-x =0},
and from the KKT condition (3.9) we have

(G'(2)*A,d)y. = (A,G'(x)"d),, , =0 forall A € A(%), d € C(x).

Recall that the first part (3.9) of the KKT conditions could be rewritten to L).(X,A) = 0in
X*. Now, in order to formulate a sufficient condition for a given KKT point x to be a local
solution, so a minimizer, it is natural—from variational principles, see [BSO0, Ch. 3.1.1]—
to require that there are no directions of nonpositive curvature w.r.t. x of the Lagrangian
function in C(x); that is, there are no directions d € C(x) \ {0} with LY,(x,A)(d,d) < 0:

LY.(x,A)(d,d) >0 foralld € C(x)\{0}. (3.22)

This is the classical second-order sufficient condition (SOSC) from Nonlinear Optimiza-
tion, where we also have seen that posing the curvature condition solely on f will not
work even there [UU12, P. 103]. Unfortunately, the next example shows that the classi-
cal SOSC (3.22) is not strong enough in infinite dimensions to indeed obtain a sufficient
optimality condition.
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Example 3.45. Let X = Z = /2, where (> = (?>(R) is the Hilbert space of R-valued
square summable sequences whose inner product and norm are given by

i=1 i=1

) 00 172
(Y =) xyi, so |xllp= (): x?) :

The problem under consideration is

miI'zl(C,X)gz —(x,x)pp st x;>0foralli e N
xel

with the objective function f(x) = (¢, x),2 — (x, x) 2, where ¢ € ¢? satisfies ¢; > 0 for all
i € N. The constraints are given by G(x) € K with K = {x € £?: x; > 0 foralli € N}
and G(x) = x, the identity mapping.

Since G'(x) = id2 is clearly surjective for all x € ¢2, RCQ holds in every feasible
x € K, see Proposition 3.18.

We consider ¥ = 0 and claim that it is a KKT point with —c being the unique Lagrange
multiplier, so { —c} = A(X) # @. First, concerning the multiplier rule (3.9) in the KKT
conditions, observe that f'(¥) € (£2)* can be identified with ¢ — 2% € ¢2. (This is the
Fréchet-Riesz representation theorem; in fact, we can regard c — 2% as the gradient
V f(x).) Hence, for A to be a Lagrange multiplier for X = 0, we calculate

FE)+G @) A=c—2f+A=c+A=0 <= A=—c

so —c is the unique candidate for an element of A(%). Moreover, thanks to RCQ, we
have (Theorem 3.21)

Ty(G,K, %) = T(K,G(%)) = T(K,0) = cone(K,0) = K.

Clearly, (c,d),2 > 0 for all d € K, so we obtain —c € K° = T(K, G(X))°. Hence, in fact
{—c} = A(x) # Q.
Next we investigate the proposed sufficient condition. The critical cone in ¥ is given
by

C(x) = {d eK: (f(%),d)p = o},

but foralld € K\ {0}, we obtain

(F@,d)p = (d)p =Y cds >0,

i=1
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since ¢; > 0 and 0 # d > 0. Therefore, C(¥) = {0}, so C(x) \ {0} = @, and the
classical SOSC (3.22) is indeed satisfied although

L7.(%,A)(d,d) = f'(x)(d,d) = —2||d||7 <0 foralld € (2

(verify this!). In fact, we have even seen that all directions d € K\ {0} = T(K, G(%)) \
{0} are ascent directions (Aufstiegsrichtungen) for f!

But nevertheless, ¥ is not a local minimum of f on F = K: In fact, define a sequence
(x¥) € £2 by (x¥) = (26ici)ien C K, 50

(Xk)' L {261' lfl = k,
i o=

0 otherwise.
Then ||x* — % 2 = [|x¥|| 2 = 2cx — O ask — oo, but
f(xk) — ZCi — 4C% = —ZC% < 0= f(x),

so X cannot be a local minimum of f on K.

In the foregoing example, the condition (3.22) posed is not sufficient for optimality of a
KKT point because the critical cone C(%) is too small. Thus, a possible (partial) solution to
obtain a sufficient condition is to increase the critical cone C(%) as follows.

Definition 3.46 (Approximate critical cone). For # > 0 we define the y-approximate
critical cone at ¥ € F by

Cy(%) = {d € Tu(G, K, 9): (' (%), d)x-x < ldllx }-

Note that Co(¥) = C(x) and C; (%) = T;(G, K, %) forall 7 > || f'(X)|| x=.

We will replace (3.22) with a condition involving C; () for 7 > 0. For the proof that such a
condition is indeed sufficient for optimality, an auxiliary result will be needed: under the
Robinson CQ, the linearizing cone Ty(G, K, ) at X is approximated by feasible directions
in the sense that

dist(x — %, T;(G, K, %)) = o(||x — || x) (3.23)

for F > x — x. This already foreshadows that we will need to suppose that the KKT-point
% is in fact regular.

In fact, the approximation property (3.23) is implied by the following lemma (see the ex-
ercises):
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Lemma 3.47. If the Robinson constraint qualification (3.2) holds at x € F, then there exists
amap h: F — Ty(G, K, X) with

|h(x) — (x —%)||x = o(|x — %||x) for Fo>x— x

Proof. Let x € F be arbitrary. Then the F-differentiability of G implies
G(x) = G(x) + G'(x)(x = %) +r(x), where [[r(x)[l; =o([lx — x[[x).
Then RCQ in the form of the ZKCQ (3.8) shows that there exists § > 0 such that
B52(0) C G'(x)Bx(0) — ((K — G(x)) N B (0)).
Hence, we can find s(x) € X and v(x) € K — G(X) with

()l ()l

ls()llx < —=57==o(lx = *lx), o)z < =572 =o(llx - %llx)

<

satisfying r(x) = G'(%)s(x) — v(x). Setting h(x) := x — X + s(x), there holds

11 (x) = (x = D) lIx = o(llx — %llx)-

It remains to show that i(x) € T;(G, K, x), thatis, G'(X)h(x) € T(K, G(%)). So:

G/ (2)h(x) = C'(%)(x — %) + G (R)s(x)
— G/(%)(x — 7) + r(x) + v(x)
— G(x) - G(®) +v(x)

Writing v(x) € K — G(%) in the form v(x) = k(x) — G(x) with k(x) € K, we have

G (%)h(x) = G(x) — G(%) + k(x) — G(x) = 2(% - G(f)) € cone(K, G(%)).
€K
Hence, G'(%)h(x) € cone(K,G(x)) C T(K,G(x)) and so h(x) € T;(G,K, %), and h has all
required properties. [

Remark 3.48. It is also possible to prove the approximation property (3.23) directly
via metric regularity, Theorem 3.19, and to construct the function / as in Lemma 3.47
from there. See the exercises.

We now prove a very general theorem about second-order sufficient conditions. The proof
rests on Taylor expansion for the Lagrange function and Lemma 3.47.
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Theorem 3.49 (Second-order sufficient conditions). Let X and Z be Banach spaces with
K C Z closed and convex. Further, let f: X — R and G: X — Z be twice F-differentiable.
Assume that X € F = G~ Y[K] satisfies the RCQ (3.2) and the KKT-conditions with multi-
plier A:

f{(x)+G'(%)"A =0,
G(x) €K, AeT(K G(x))°.

Let in addition the following second-order condition hold:
L (%, A)(d,d) > y|dl% foralld € Cy(%), (3.24)

where v > 0 and 11 > 0 are fixed constants. Then X is an isolated local solution of (P) and
there exist x,6 > 0 such that the quadratic growth condition

F(x) > f(%) +«||lx — %||% forall x € FNBsx(%)

holds true.

Proof. Consider x € F N By x(%) for some 6 > 0 sufficiently small to be chosen later, and
set d(x) := x — x. Note that we do not know whether d(x) € T;(K, G, %), so (3.24) cannot
be used for d(x) directly. However, Lemma 3.47 braces us with the approximation d(x) =
h(x) + r(x) where h(x) € Ty(K,G,x) and ||r(x)||x = o(||d]|x). The plan is to use h(x)
as a surrogate for d(x) in T;(G, K, ). To this end, we first establish some approximation
properties of h(x), starting with

11 () x = lld(x)llx + o([ld(x)[[x)- (3.25)

We use both triangle inequalities to estimate ||h(x)||x = |d(x) — r(x)|/x from above
and below and observe that ||7(x)||x < ||d(x)|/x if ¢ is small enough, since ||r(x)||x =
o(|ld(x)||x), to obtain

—[lr(0)llx < () [[x = l[d(x)]]x < lIr(x)x
which clearly implies (3.25). We also find the quadratic equivalent
()% = ld()[I% +o(ld(x)[1%) (3.26)

of (3.25) to be true by

1) = (10 1 ~ 140 1x+ 1(0)]1x)°
= (IG0)]1x — 400 %) + 2)ld(@)lx (1B 1x ~ 140 1x) + 140 [

~~ ~~

=o([l4/I%) =o([l4/I%)
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Now, back in the actual proof, the case where (f'(%), h(x))x+x > n|/h(x)|x is quite easy:
Using (f'(x),7(x))x» x = o(||d(x)]|x), we find

flx) = f(x) = (f(2),d(x)) 5. x To(lld(x)]x)
= (f'(2),1(x)) . x +o([ld(x)]lx)
> [[h()[[x +o(ld(x)[1x)
"= ()l o (1)) > nlld() 1 =yl — £l
where the last inequality holds true for J sufficiently small.

Next we deal with the case (f'(%), h(x))x+x < 11||h(x)|x, so h(x) € Cy(x). From the KKT
conditions, we have A € T(K, G(x))°, so

L(x,A) = L(%,A) = f(x) = f(2) + (A, G(x) = G(%)) 5. , < f(x) = f(%), (3.27)
since G(x) — G(%) € T(K, G(x)). Moreover, by (3.25) and the construction of 7(x), we have
Lie(%,A) (r(x), h(x)) + Ly (%, A) (h(x), (%)) + L (%, A) (r(x),7(x)) = o (|l d]%).  (3.28)

Recalling that the first KKT condition means in fact L (¥, A) = 0 in X*, we thus obtain by
Taylor expansion

= (LL(5A),d(30) g x + 3 L (5 1) (d(2), d(x)) + () 3)

(%, A) (h(x) + r(x), h(x) +r(x)) +o(||d(x)[|%)

S Lt (%, 1) (h(x), h(x)) + o (ld(x)I%)

> Zn)llx +o(ld(x) )

= JIdI% +o(ld@)3) = Tk = Fllx - #lI%,
the last inequality again for J sufficiently small.

The assertion then follows with « := min(Z, 7). O

Theorem 3.49 works in a very general setting, which is a fortune, but also an obstacle to
obtain sharper results. Especially the uniform coercivity condition (3.24) is quite harsh. On
the other hand, we have posed no further assumptions on f and G at all, so there might
be room to strengthen assumptions elsewhere and weaken condition (3.24). Indeed, it
is possible to derive second-order sufficient conditions in the classical form (3.22) under
more specific assumptions on f and G:
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Theorem 3.50. Let X and Z be Banach spaces with K C Z closed and convex and X reflexive.
Further, let f: X — R be given in the form f = f1 + fo with f1, fo: X — R, and let f1, f»
and G: X — Z be twice F-differentiable. Assume that ¥ € F = G~ '[K] is a KKT-point, so
A(%) # @, and that the second derivatives of f1 and G exhibit the following weak continuity
properties: If d — d in X, then

1 (x)(dy, d) = f{(x)d inR and G"(x)(dy,dy) = G'(x)d inZ.
Let in addition f} (%) be coercive, so there exists a > 0 such that
2 (%)(d,d) > «||d||3 foralld € X,
and let the following second-order condition hold:
LY. (x,A)(d,d) >0 foralld € C(x)\ {0},

where v > 0 is a fixed constant. Then X is an isolated local solution of (P) and there exist
x,0 > 0 such that the quadratic growth condition

f(x) > f(x) +x||lx — %% forall x € F N Bsx(%)

holds true.

Proof. Without proof for the moment. O

Remark 3.51.

(a) Weak continuity properties of f{'(%) and G” (%) as required in Theorem 3.50 are
surprisingly common and will usually originate from some underlying com-
pactness properties of the operators, cf. Lemma 2.5.

(b) The assumption on f, is also quite common, in particular in optimal control
problems, where classically we have f(x) = J(y,u) = fi(y) + §||u||%2(m or
comparable functions. (Such an example was also in the exercises.)

Unfortunately, both Theorems 3.49 and 3.50 suffer from a generic problem: There is a
quite simple class of optimization problems for which the objective functional f is twice
F-differentiable precisely on a given space X, but f”(%) in a locally optimal point ¥ does
not admit a coercivity estimate of the form f”(x)(d,d) > v||d||} for d € C;(x). The most
prominent example is the (unconstrained) problem

min — /01 cos(x(t))dt

xeX
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for X = L*(0,1) (see the exercises) and the optimal point ¥ = 0. Here, the lack of coerciv-
ity of f(x) on X means that the second-order condition in Theorem 3.49 is never satisfied
even though the constraint G(x) € K is trivial or void! (One can show argue analogously as
to why the assumptions on f in Theorem 3.50 prevent its applicability.)

Luckily, one often observes that there is another Banach space X+ with X < X densely
on which f may not be twice F-differentiable, but to which we might extend f” (%), and
this extension admits the needed coercivity estimate f”()(d,d) > v||d|%. ford € X*.
(In the example above it would be X* = L2(0,1).) Under additional assumptions, it is
possible -to adapt Theorem 3.50 to this situation and to show that x is still an isolated
local solution of (P) in this case. The price to pay is that one only obtains the weaker
quadratic growth condition

f(x) > f(%) +x|x — %[5+ forallx € FNBsx(%),

which however is often sufficient for further purposes of this property. This whole phe-
nomenon is known as the two norm gap; we refer to [CT15] for a survey and many further
results.
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